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Abstract

Some Results Concerning Surface Groups in Surgered Manifolds.

by Annie Bart

In this dissertation we will show that if a knot or link complement contains a closed
immersed 71-injective quasi-fuchsian surface, then we can give a condition under which the
surface will remain mi-injective after Dehn Surgery.

Furthermore we will give applications of this result for the Figure-8 knot complement,
the Whitehead Link and the Borromean Rings. In the case of the Figure-8 knot complement
we will show that there exists a surface which will remain mq-injective after all but thirteen
surgeries. Direct computations then show that all manifolds obtianed via surgery on the
Figure-8 knot complement (except (1,0)-surgery) contain surface groups.

Similarly we will show that for the Whitehead Link and the Borromean Rings contain
a surface which will remain m-injective if we exclude sixty surgeries from each link com-
ponent. The result on the Whitehead Link implies that all twist knots with more that five
full twist contain a closed mi-injective surface which will remain mi-injective after all but
sixty surgeries.

Finally we show that if an arithmetic manifold is given so that its fundamental group
is a finite index subgroup of a Bianchi group PSL2(Q4) then we can find infinite fami-
lies of planes in the universal cover which map down to closed totally geodesic surfaces.
Furthermore we show that all these manifolds contain a mi-injective surface which remains

injective if we exclude a finite number of surgeries from each link component.
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1 Introduction
1.1 Background

An important question in 3-manifold theory is the question if any homotopy equivalence
between compact 3-manifolds can be induced by a homeomorphism. Due to Haken and
Waldhausen, we know that Haken manifolds are determined by their fundamental group.

Recall that a manifold is irreducible if every embedded 2-sphere bounds a 3-ball. A
surface S C M is called compressible if there is an essential loop in S which bounds a disk
in M. If S is not compressible (where S is not a 2-sphere or 2-disk), then S is said to be
incompressible. A Haken 3-manifold is a compact, orientable, irreducible 3-manifold
which contains an embedded, closed, orientable, incompressible surface S (S not a 2-sphere
or 2-disk) or whose boundary is a collection of incompressible surfaces. A surface S is said
to be m-injective if ker(m(S) = m1(M)) = 0. For orientable surfaces incompressible is
equivalent to mi-injective. For a general overview of the theory of incompressible surfaces
in 3-manifolds, see [AR]. We will give a short overview of the main ideas.

It is known that large classes of manifolds fail to be Haken. It has been suggested by
Thurston and Waldhausen that in these manifolds we should look for immersed 71-injective
surfaces.

We have the following conjectures :

Conjecture 1. Let M be a closed irreducible 3-manifold with infinite first fundamental
group, then M has a finite sheeted cover M which is Haken.

Conjecture 2. Let M be a closed irreducible 3-manifold with infinite first fundamental

group, then there exists an immersed closed orientable incompressible surface in M.

Conjecture 3. Let M be a closed irreducible 3-manifold with infinite first fundamental
group, then M has a finite sheeted cover M with Hl(M;Z) nfinite.

(This is equivalent to M having a non-separating, closed, embedded, incompressible

surface.)

Conjecture 4. Let M be a closed irreducible 3-manifold with infinite first fundamental
group, then M has a finite sheeted cover M which is a closed orientable surface bundle over

a circle.

To discuss some results in this area of research, we need the following definitions. If M is

an orientable hyperbolic 3-manifold, then 71 (M) has a representation as a discrete, faithful,



torsion-free subgroup of PSL2(C). An immersed incompressible surface g : S — M
determines a subgroup ¢.(m1(S)) of w1 (M), and hence of PSLy(C). If this subgroup is
conjugate into PSLo(R), then S is a totally geodesic (or Fuchsian) surface in M. S
is said to be quasi-Fuchsian if the limit set of the lift of S to the universal cover is
topologically a circle. If the limit set 1s the whole sphere at infinity then S is said to be
geometrically infinite.

Bonahon and Thurston have shown that if a closed, orientable, hyperbolic 3-manifold
M contains an mwi-injective geometrically infinite surface, then M 1s finitely covered by a
surface bundle over a circle, with this surface corresponding to the fiber.

Long[L] has shown that if M is a closed, orientable hyperbolic 3-manifold containing
an immersed, totally geodesic surface, then M has a finite sheeted cover in which the
lifted surface is embedded. Hence such manifolds are virtually Haken. Work by Marden
[Ma] implies that if M is a hyperbolic 3-manifold with boundary and contains a closed -
injective quasi-Fuchsian surface, then this surface will remain 7i-injective after sufficiently
large surgeries. Cooper and Long [CL] have shown recently that if M is a finite volume
hyperbolic 3-manifold with a single cusp, then all but finitely many surgeries give a closed
3-manifold which contains a surface group. It does not seem to be known in these settings

how to compute which surgeries would be large enough.

1.2 Summary of Results

Let M be a hyperbolic manifold which 1s the interior of a compact, orientable 3-manifold
M~ with M~ consisting of incompressible tori. Assume that ¢ : S — M is a map
of a closed, orientable, mi-injective surface into M. S is said to contain an accidental
parabolic if there is a loop on S homotopic into M ~ There is a theorem attributed to
Thurston which states that if ¢ : S — M has no accidental parabolics, then for all but
finitely many surgeries on any tori in M ~, S remains 7i-injective in the surgered manifold.

We will prove a version of this theorem, but our result is stated in terms of closed, im-
mersed, quasi-Fuchsian surfaces. Furthermore, we will give a criterion to determine which
surgeries will preserve injectivity. It 1s clear that closed quasi-Fuchsian surfaces do not

contain accidental parabolics. The theorem we will prove is:

Theorem 1.1. Let M be a complete hyperbolic 3-manifold of finite volume. Let S in M
be a closed, immersed, m -injective quasi-Fuchsian surface. Let A be the limit set of S,

let CH(A) be the conver hull of A, and let p : M — M be the universal covering map.



Let Hy,...,Hy be a fived collection of horoball neighborhoods of the cusps chosen to be
disjoint from p(CH(A)). If the p;/qi-surgery curves on OH; have representatives which are
geodesic in the induced Euclidean metric on OH; and have Euclidean length > 27 | then S

will remain m-injective after surgery.

We will apply the main theorem to the figure-eight knot complement (denoted by Ms).
We know that the figure-eight knot complement is an arithmetic manifold ([Ri],[T],[MR]).
We know due to [MR] that Mg contains infinitely many commensurability classes of closed
totally geodesic surfaces. We will show that if we take a hemisphere in the universal cover
(use the upper half space model) of radius VD centered at the origin, call it Pp, then
for certain values of D this plane will map down to a closed, totally geodesic (and hence

m1-injective) surface Sp. The theorem we will prove is :

Proposition 1.2. Let Mg be the figure-eight knot complement and let Pp be a plane in
HB so that Pp N S%, is a circle of radius VD (D € Z) centered at the origin in the upper
half space model. If D = 2 (mod 3), then Pp projects down to a closed, immersed totally

geodesic surface Sp in Mg

We look at the surface Sy covered by the plane P», and analyze the intersection pattern
in the universal cover. We know that only finitely many translates of the lifted surface will
intersect one another. We will show by direct computation that for all € > 0 the horosphere
at height /2 + € is disjoint from all the translates of the lift of the surface. Alternatively,

we will also show that this has to be true because of the following lemma :

Lemma 1.3. Let Pp be a plane in B2 which meets the sphere at infinity in a circle of radius
V' D centered at the origin and projects down to a closed surface. Let Tq = PSL2(0y).
Then any translate of Pp under an element of I'y is a plane meeting the sphere at infinity

m a cirle with a radius of at most / D.

We will use the information about the surface and the disjoint horoball neighborhood
of the cusp when we apply our main theorem to show that there exists a surface which will

remian mi-injective after all but thirteen surgeries.

Theorem 1.4. The figure-eight knot contains a wi-injective surface, which will remain
m1-injective after all but at most thirteen Dehn Surgeries. (These thirteen surgeries are :
+p/ +¢=1/0, 0/1, 1/1,

2/1, 3/1, 4/1, b/1, 6/1, 7/1, 8/1, 1/2, 3/2 or5/2)



We will analyze these thirteen surgeries to show that all but one of the surgeries gives
a closed manifold which contains a surface group. This gives the main theorem for the

figure-eight knot complement :

Theorem 1.5. All surgeries, except 1/0 surgery, on the figure-eight knot complement yield

manifolds which contain a surface group.

We also look at the Whitehead Link complement, call it W L. WL is known to be an
arithmetic manifold. w1 (W1L) is a subgroup of PSLy(01) = PSLy(Z[i]). WL is known
to contain closed totally geodesic surfaces [MR]. We look at the surface Sz covered by the
plane which meets the deck in a circle of Euclidean radius v/3, and we show that this surface
is closed and immersed using a lemma from [MR]. The fact that the surface is mj-injective

follows from the fact that it is totally geodesic.

Corollary 1.6. Let Ps be a plane in HP so that PsNIHP is a circle of radius V3. Then Ps
maps down to a closed, m -injective, immersed, totally geodesic surface in the Whitehead

Link.

We analyze what happens when we perform dehn surgery on both components of the

Whitehead Link and we obtain the following theorem.

Theorem 1.7. Let WL be the Whitehead link complement and let W L(ry,r3) be the mani-
fold obtained by performing r; = p;/q; Dehn surgery on the i—th torus boundary component
(i=1,2).

There exists a closed mi-injective surface in W L which remains my-injective for all but at
most 60 surgeries on each link component.

( no £(pi/qi) (i = 1,2) belongs to the following collection of surgery slopes :

{1/0, 0/1, 1/1, 2/1, 3/1, 4/1, 5/1, 6/1, 7/1, 8/1, 9/1, 10/1,

1/2, 3/2, 5/2, 7/2, 9/2, 1/3, 2/3, 4/3, 5/3, 7/3, 8/3,

1/4, 3/4, 5/4, 7/4, 1/5, 2/5, 3/5, 4/5})

We use this theorem to deduce that twist knots with a sufficiently large number of twists

contain closed, mi-injective, immersed surfaces.

Corollary 1.8. All k-twist knots where k > 10 contain a closed, immersed, m -injective
surface. Furthermore, this surface will remain my-injective after all but at most 60 surgeries

on the twist knot.



We also know from [MR] that The Borromean Rings complement, BR, is an arithmetic
manifold. 7 (BR) is a subgroup of the Picard group PSLo(Z[7]) as is m (W L). Tt is then
easy to show that this link complement contains a closed totally geodesic surface whose
lift to the universal cover is a plane Ps, which meets the sphere at infinity in a circle of
(euclidean) radius V/3. We obtain a result similar to the results for the figure-eight knot
and the Whitehead Link.

Theorem 1.9. Let BR be the Borromean Rings complement and let BR(r1,72,73) be the
manifold obtained by performing r; = p;/q; Dehn surgery on the i — th torus boundary
component (i=1,2,3). There exists a closed m -injective surface in BR which remains -
wngective for all but at most 60 surgeries on each link component.

( no £(pi/qi) (i = 1,2) belongs to the following collection of surgery slopes :

{1/0, 0/1, 1/1, 2/1, 3/1, 4/1, 5/1, 6/1, 7/1, 8/1, 9/1, 10/1,

1/2, 3/2, 5/2, 7/2, 9/2, 1/3, 2/3, 4/3, 5/3, 7/3, 8/3,

1/4, 3/4, 5/4, 7/4, 1/5, 2/5, 3/5, 4/5})

We need some notation for the manifold we obtain when we do not perform Dehn
surgery on all of the link components. Let (c0) be the label for the link component(s) we
do not performing Dehn surgery on. Using this notation, we can describe the manifold
we obtain by filling in two cusps of the Borromean Rings by BR(r1, 72, 0). Note that
due to the symmetry of the Borromean Rings, there is no ambiguity. Similarly we can let
BR(r1,00,00) denote the manifold obtained by filling one cusp. If we restrict our attention
to (p1/q1) = (1/n) and (p2/¢2) = (1/m), then we know the manifold thus obtained does
not have torsion. Furthermore, the link components link each other trivially and the
components are all unknotted. Hence the manifold obtained by Dehn surgery is a knot or

a link complement. We obtain the following results :

Corollary 1.10. Let BR be the Borromean Rings complement and let BR(1/n, 00, 00) be
the link complement obtained by performing 1/n Dehn surgery on one of the torus boundary
components. BR(1/n,00,00) contains a closed, immersed, m-injective surface whenever
1/ £ n does not belong to the following collection of surgery slopes :

{1/0, 1/1, 1/2, 1/3, 1/4, 1/5}

Furthermore this surface will remain w-injective after all but at most 60 Dehn surgeries

on each of the remaining components.

This shows that there is a family of links, which contain a closed, m-injective surface.



Furthermore, we know which surgeries on the link components will leave the surface -

injective.

Corollary 1.11. Let BR be the Borromean Rings complement and let

BR(1/n,1/m,c0) be the knot complement obtained by performing 1/n and 1/m Dehn
surgery on two of the torus boundary components. BR(1/n,1/m, o) contains a closed, im-
mersed, mi-injective surface whenever (1/+n) and (1/£m) do not belong to the following
collection of surgery slopes : {1/0, 1/1, 1/2, 1/3, 1/4, 1/5}

Further more this surface will remain m-injective after all but at most 60 surgeries on the

remaining link component.

This shows that there is a family of knots different from the twist knots, belonging to
the class of 2-bridge knots, which contain a closed mi-injective surface. Furthermore, we

know which surgeries on these knots will leave the surface 7i-injective.

Some special arithmetic manifolds M have the property that there is a representation
of the fundamental group so that m (M) < PSLy(Q4), where Oy is the ring of integers
in Q(v/=d), d € Z. PSLs(0y4) is called a Bianchi group. We know via the ”Cuspidal
Cohomology Problem” (see [B2]) that for any arithmetic manifold d belongs to a finite
set of integers, where d € {1,2,3,5,6,7,11,15,19,23,31,39,47,71}. Examples of knots
and links for Bianchi Groups corresponding to d = 1,2,3,7,11,15 and 23 can be found
in [H],[MR],[NR] and [B2].We showed that a plane of radius v/D(D = 2 (mod 3)) will
map down to a closed totally geodesic surface in the figure eight knot complement. This
result can be extended to other arithmetic link complements whose fundamental group is
a subgroup of finite index in one of the Bianchi groups mentioned above. If an arithmetic
3-manifold M is given so that w1 (M) < PSL2(0y4), then we can find infinite families of

planes which map down to closed, totally geodesic surfaces.

Theorem 1.12. Suppose M is an arithmetic 3-manifold (hyperbolic) and m1(M) is a sub-
group of finite index in PSLy(Q4) ,then the plane of radius VD will project down to a
closed, totally geodesic surface for the following values :

Ifd=1and D=3 (mod 4).

Ifd=2and D=5 (mod 25).

Ifd=3 and D =2 (mod 3).

Ifd=5 and D=2 (mod 5).



Ifd=6 and D =2 (mod 3).

Ifd=T7Tand D=3 (mod 7) or D=5 (mod 7).
Ifd=11 and D =2 (mod 11).
Ifd =15 and D =2 (mod 3).

Ifd=19 and D =2 (mod 19).
Ifd =23 and D =5 (mod 23).
If d =31 and D =3 (mod 31).
If d =39 and D =2 (mod 3).

If d =47 and D =5 (mod 47).
Ifd="71and D=7 (mod 71).

For a knot or link complement M, where m (M) < PSLy(Q4), we can also compute
what the minimal length L of a longitude has to be if we normalize the length of the

meridian. This is enough to show that the following theorem holds:

Theorem 1.13. Suppose M is an arithmetic 3-manifold (hyperbolic) and m1(M) is a sub-
group of finite index in PSL2(Q4) . Let L be the minimal length of the longitude after
normalizing the meridian to have length 1. Let D be chosen so that the surface covered
by the plane of a given radius \/D is a closed totally geodesic surface. This surface will
remain mi-injective if for the p/q surgeries on each component the surgery condition holds
as shown in the table. We also give an upperbound on the number of bad surgeries (where

the surface might compress).

d | D L surgery condition | # bad surgeries
1| 3] V2 | p2+2¢°>302m)° 83
2 | 5] V3 | p®+3¢%>502n)° 111
312 1 p?+q? > 2(2m)* 77
51 2] V6 | pP46¢%>2(2m)2 33
6 | 2| VT | p?+7¢%>2(21)° 31
T3 V2| PP +2¢2 > 3(2m)? 83
12| V3| p?+3¢°>2(2n)? 45
1] 2] 2 | p?+4¢” > 2(2m)* 39
19102 | V5 | p*+5¢°>2(2nm)? 35
23 [ 5 | V6 | p?46¢% > 5(2m)2 79
3113 | V8 | p?+8¢2> 3(2m)? 41
39 | 2 | V10 | p® + 104> > 2(27)? 25
47 | 5 | V12 | p? +12¢% > 5(27)? 55
L] 7 [ V18 | p? 4+ 18¢% > 7(27)? 63




This will allow us to show the following :

Theorem 1.14. Let L be an arithmetic link whose fundamental group is a subgroup of
finite index in a Biancht group. If L' is a knot or link complement obtained via 1/n;
surgery on one or more unknotled components of L and none of the 1/n; surgeries are
bad, then L' will contain a closed m-injective surface. Furthermore this surface which will
remain w1 -injective after all but a finite number of surgeries on each component of L'. The
number of bad surgeries is determined by the Bianchi group associated with the original

arithmetic link complement.

1.3 Organization

In section 2 we will review Dehn surgery, in particular Dehn surgery on the figure-eight
knot complement. We will give an overview of what is already known about surfaces
in 3-manifolds, surfaces in the figure-eight knot complement and surfaces in twist knot
complements. We will also give a summary of what is known about Z-representability of
manifolds obtained by surgery on the figure-eight knot complement.

In section 3 we will review some facts from differential geometry. We will need the
2m-theorem by Thurston and Gromov and Hadamard’s theorem to prove our main result.
We will then state and prove the main theorem about incompressibility of quasi-Fuchsian
surfaces after surgery.

In section 4 we will review some general theory about arithmetic manifolds, which we
will use to prove that certain planes in the universal cover map down to closed, totally
geodesic surfaces in the figure-eight knot complement Mg. We will then focus our attention
on one of these surfaces and analyze how the lifts of this surface meet one another. In
the last subsection, we will give a general argument why the translates of a lift of a closed
totally geodesic surface never move into a fixed cusp. We will also show how to determine
this cusp.

In section b we will use the information from section 4 and the theorem from section 3
to prove that one of the totally geodesic surfaces remains mi-injective after all but thirteen
surgeries. This theorem, combined with direct computations and general knowledge about
Seifert Fibered spaces will give us the main theorem about surgery on the figure-eight knot
complement.

In section 6 we use the Wirtinger presentation of the fundamental group of the White-
head link complement to find a representation of the fundamental group into P.SLa(7Z[d]).
We show that the plane which traces out a circle of euclidean radius v/3 in the sphere at



infinity maps down to a closed, immersed, totally geodesic surface in the Whitehead link
complement. We then show that this surface remains 7i-injective after Dehn surgery on
both components of the link if we exclude 60 surgery slopes. A corollary of this theorem is
that twist knots with more that 5 full twists contain a closed, immersed, 71-injective sur-
face. Furthermore we show that this surface remains mi-injective after all but 60 surgeries
on the twist knot.

In section 7 we find the Wirtinger presentation of the Borromean Rings. Results from
a paper by Hilden, Lozano and Montesinos give a representation of the fundamental group
into PSLy(Z[i]). This link complement also contains a totally geodesic surface. Using the
same techniques as were used in previous sections we then show that the surface remains
mi-injective after all but a finite number of surgeries. We also consider what happens when
we fill only one or two components of the Borromean Rings. We show that there is an
infinite family of two component links which contain closed 7i-injective surfaces, and we
show that there is another infinite family of 2-bridge knots which contain closed 71-injective
surfaces. Finally we show which surgeries on these links and knots will leave the closed
mi-injective surface mi-injective.

In section 8 we show that if an arithmetic manifold is given so that its fundamental
group is a finite index subgroup of a Bianchi group PSL2(0y4) then we can find infinite
families of planes in the universal cover which map down to closed totally geodesic surfaces.
Furthermore we show that all these manifolds contain a mi-injective surface which remains
injective if we exclude a finite number of surgeries from each link component. It can be
shown that the number of excluded surgeries for each of the link components of these knot

and link complements is bounded above by 111.



2 Preliminaries
2.1 Surgery

It is a well known general fact that compact 3-manifolds can be triangulated. Suppose we
have a complete manifold M with a given triangulation. If we deform the triangulation
of the manifold M, we no longer have a complete structure. Completing the structure
corresponds to doing surgery on the original manifold M. The following discussion of
surgery is a combination of what was done in Benedetti and Petronio [BP] and Thurston’s
Notes [T].

To complete the space, we clearly need to add something near a vertex. Let M be
a hyperbolic manifold obtained by gluing a polyhedron P with some vertices at infinity.
Let K be the complex obtained by adding the vertices at infinity. The completion M is
obtained by completing a deleted neighborhood N (v) of each ideal vertex v in K and gluing
these completed neighborhoods W back into M.

If we denote the completion of N (v) by W, then a cross-section ofm perpendicular
to the added circle is a cone Cy. When 8 = 27, Cy 1s non-singular we see that the completion
of M 1s a hyperbolic manifold. So we want some conditions which tell us when 6 = 2x.

Consider any 3—manifold which is the interior of a compact manifold M~ which has
one torus boundary component 7. Let A and p be the standard generators of 71 (7). Let
M (p/q) denote the manifold obtained by gluing a solid torus to M~ so that the meridian
of this torus is mapped to ppu + ¢A. If (p/q) is replaced by oo, then nothing is glued in.
Hence M = M.

The generalized Dehn surgery invariants (p, ¢) for M~ are solutions to the equation

pH () + ¢H(A) = rotation by + 27, (p,¢) = 1

(or p/q = oo if M is complete near T)

Alternatively we can think of surgery on a knot or link complement as truncating the
cusp, so that we obtain a compact manifold with torus boundary components. A (p,q)
Dehn filling on one of the torus boundary components then corresponds to taking a disc D
and attaching a neighborhood of the disc, D x I, along its boundary dD x I to a annulus
neighborhood of a (p, q) torus curve. Note that p and ¢ have to be relatively prime. After

attaching D x I in this manner we obtain a manifold with a spherical boundary component,

10



which we cap off to obtain the Dehn filling.
In the particular case of the figure eight-knot complement we know exactly which fillings

result in a hyperbolic manifold. In particular we have :

Theorem 2.1. (Thurston) Every manifold obtained by Dehn surgery along the figure-eight
knot has a hyperbolic structure, except the six manifolds :

Ms(xp/ £ q) where p/qg=1/0, 0/1, 1/1, 2/1, 3/1 or 4/1

We have a similar result for surgery on one component of the Whitehead link comple-

ment. This result can be found in [NR].

Theorem 2.2. Every manifold obtained by Dehn surgery on one component of the White-
head link complement WL has a hyperbolic structure, except the six manifolds WLt (,/q),
where p/q=1/0, 0/1, —1/1, =2/1, =3/1 or —4/1

2.2 Some results concerning surface groups in manifolds

In this dissertation we will investigate some properties of the figure-eight knot complement
and manifolds obtained from it via surgery.

General facts about surfaces in the figure-eight knot complement can be found in a
paper by Aitchinson, Matsumoto and Rubinstein [AMR]. Suppose the figure-eight knot
complement is given the triangulation as described in Thurston’s Notes [T]. This triangu-
lation induces a triangulation on any normal surface immersed in the knot complement.

The induced triangulation consists of triangles and squares.

Lemma 2.3. Suppose S is a closed normal surface immersed in Mg, Then
1. Fach vertex of S is of degree 6 and
2. Buvery vertex has an even number (possibly 0) of squares around it.

Lemma 2.4. There are exactly eight possible vertex types wn reqular normal surfaces S in

My

Proof: By the previous lemma ,the number q of squares around a given vertex is 0,2,4
or 6.
If ¢ = 0, then the type is TTTTTT
If ¢ = 2, then there are three possible types : QQTTTT, QT QTTT and QTTQTT.
If ¢ = 4, then there are three possible types : QQQQTT, QQQTQT and QQTQQT.

And g = 6 gives vertex type QRQRQQ.
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Theorem 2.5. Suppose S is a normal surface immersed in Mg. S 1s compressible if:
1. There 1s an infinite row of squares in the universal cover S of S.
2. S 1s a homogeneous surface of vertex type QQTTTT
3. S 1s a homogeneous surface of vertex type QT TQTT
4. S 1s a homogeneous surface of vertex type QRQQQTT
5. S is a homogeneous surface of vertex type QQTQQRT

6. S is a homogeneous surface of vertexr type QQQRAQE

A lot is already known about manifolds obtained by surgery on the figure-eight knot.
Much of this information can be found in papers by M. Baker [B] and J. Przytycki [P].

If M has finite cover N with Rank Hi(N;Z) > 0, then M is called virtually 7Z-
representable or has virtually positive first Betti number. With irreducibility this
implies that M is virtually Haken.

If we denote the manifold obtained via (p/q) surgery on the figure-eight knot complement
by M, /4, then we have the following results:

Theorem 2.6. M,/ s known to have a virtually Z-representable fundamental group if :
(i) ¢ = £2p (mod 7) (Hempel, Nicas)

(ii) ¢ = +p (mod 13) (Hempel, Nicas)

(iii) p= +£0 (mod 4) and ’q—’ # +8 (Kojima and Long)

Theorem 2.7. (Baker)

(A) M(3p/q) has a virtually Z-representable fundamental group if |q| ¢ {p—1,p+1}.
(B) Map)q) has a virtually Z-representable fundamental group.

(C) M2p/q) has a virtually Z-representable fundamental group if ¢ = £7p (mod 15).

Theorem 2.8. (Przytycki)
Let Mg be the figure eight knot complement. Let p,q be coprime numbers such that either :

12



0<Ipl < (lgl =5)/4 or

lpl = (lgl —3)/4 or

p/q € {1/0,£1/1,£1/2,+1/3, £1/4}

Then M (p/q) is virtually Haken.

Furthermore, if p/q € {£1/1,+1/2,+£1/3}, then M(p/q) is a Seifert fibered manifold.

If p/q € {1/0,+1/4}, then M(p/q) is a Haken manifold.

In the other cases considered in this theorem M (p/q) is neither Haken nor a Seifert fibered
manifold, but a virtually Haken, hyperbolic manifold.

We will also investigate surfaces in the Whitehead link and in twist knots. We will show
that if the twist-knot has more that 5 full twists, then it must contain a closed, 71-injective,
immersed surface. This is interesting in the light of the following theorem which appears

in [R]:

Theorem 2.9. There exist infinitely many twist knots which contain no closed totally
geodesic surface and exactly one commensurability class of non-closed totally geodesic sur-

face.
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3 Quasi-Fuchsian Surfaces
3.1 Two Useful Theorems from Differential Geometry

Let Mg denote a knot complement, and let M denote the compact manifold obtained by
truncating the cusp. Then the surgered manifold M, can be thought of as M, = My UV,
where V' is a solid torus and h : 9V — OM g is the boundary homeomorphism which takes
the meridian of 9V to pu+ gA (where (p,q) = 1). If the surgery curve is long enough, we
are guaranteed a metric of negative curvature on the resulting manifold. This i1s known as

the 27 theorem of Thurston and Gromov, a proof of which is given in Bleiler and Hodgson

[BH].

Theorem 3.1. (The 2n-theorem) Let M be a complete hyperbolic 3-manifold of finite vol-
ume and Hy, ..., Hy disjoint horoball neighborhoods of the cusps of M. Suppose r; is a
slope on OH; represented by a geodesic «; with length in the Buclidean metric satisfying
length(oy )> 27, for each i = 1,... k. Then M(ry,...,r;) has a metric of negative curva-

ture.

To find the length of a (p/g¢)-surgery curve on the boundary torus of a compact manifold,
we lift a geodesic representative of the curve to the universal cover. The boundary torus
will lift to a horosphere at height h. The geodesic representative « of the (p/q)-curve in
the boundary torus will lift to a straight line in the horosphere. The meridian g and the
longitude A also lift to this horosphere, call the lifts g and :\, and we can think of these lifts
as vectors in the horosphere which cover the meridian and the longitude in a one-to-one
fashion. The line segment L going from (0,0) to (pu, ¢A) will cover the surgery curve in
the boundary torus once. The horosphere has a scaled version of the Euclidean metric and
we say that the length of L is the length of the (p/q) surgery curve. In particular, we can
arrange it so that the length L is given by the following formula:

L =/p?|IAll* + 2|1\ /h

The proof of the 27 theorem is based on the following lemma, which is worth mentioning.
We can define a metric on the surgered manifold M, = My UV, where we have the
hyperbolic metric on M and extend this metric to a metric of negative curvature on the
solid torus V. This idea will be an important ingredient of the proof of the main theorem

in the next section.

Lemma 3.2. Let V be a solid torus supplied with a hyperbolic metric near its boundary

so that 9V is the quotient of a horosphere. Then the metric near the boundary can be
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extended to a negatively curved metric on V provided that the length of the Euclidean

geodesic representing the meridian curve on 0V is at least 2.

To prove our result, we also need the the following theorem which can be found in

doCarmo (see [DC2]).

Theorem 3.3. (Hadamard) Let M be a complete Riemannian manifold, simply connected,
with sectional curvature K(p,X) < 0, for all p € M and for all sections ¥ C T,(M).
Then M is diffeomorphic to R, n = dimM; more precisely exp, : T,(M) — M is a
diffeomorphism

Recall that geodesics are characterized by the fact that they are locally distance min-
imizing. The last part of the statement of Hadamard’s theorem immediately implies the

following corollary:

Corollary 3.4. Let M be a complete Riemannian manifold. Suppose all sectional curva-

tures are less than or equal to 0 and w1 (M) = 1, then there are no closed geodesics.

3.2 m-injectivity of Quasi-Fuchsian Surfaces after
Dehn Surgery

Let T' be any discrete group of orientation preserving isometries of H*. If # € H" | then the
limit set Ar C Sgo_l is defined to be the set of accumulation points of the orbits I'y, of x.
I is said to be an elementary group if the limit set consists of 0,1 or 2 points. From
now on we will always assume that I' is non-elementary.

Now let S be a quasi-Fuchsian surface in a hyperbolic manifold. Let S be the lift of S
to the universal cover M of M. Suppose S meets the sphere at infinity in a set K. Define
CH(K) to be the convex hull of K. Where the hyperbolic convex hull is the intersection of
all hyperbolic half spaces in H? whose intersection with the sphere at infinity contain K.
For more detail, see chapter 8 of Thurston’s Notes [T].

We may assume that the lift S of a m-injective quasi-Fuchsian surface S is contained
in the convex hull.The frontier of the convex hull consists of geodesic segments. Hence
this frontier will map down to a surface in the manifold, which is clearly homotopic to the
surface we started with. Hence we might as well assume that the lift of the surface to the

universal cover is contained in the convex hull.

Lemma 3.5. Let M be a complete hyperbolic 3-manifold of finite volume. Let S in M be

a closed, immersed, m -injective quasi-Fuchsian surface. Let A be the limit set of m1(S).
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Let CH(A) be the conver hull of A and let p : M —s M be the universal covering map.
Then p(CH(A)) is compact.

Proof: S is a closed quasi-Fuchsian surface, hence its fundamental group does not
contain any parabolics. This implies that C'H(A)/71(S) must be compact. Note that
p: H? — H3/m (M) is a local isometry. Hence so is p restricted to C'H(A). The map
g : CH(A) - CH(A)/71(S) is a covering map and hence a local isometry. Hence we
can define a map ¢ : CH(A)/m1(S) — M so that this map is a local isometry. Because
CH(A)/m1(S) is compact, we see that any point  in p(C'H(A)) is a bounded distance away
from S. This implies that p(C'H(A)) must be compact. m

Corollary 3.6. Let M be a complete hyperbolic 3-manifold of finite volume. Let S in M
be a closed, immersed, m -injective quasi-Fuchsian surface. Let A be the limit set of m1(S).
Let CH(A) be the conver hull of A and let p : M —s M be the universal covering map.
Then we can choose horoball neighborhoods of the cusp which do not meet p(C' H(A)).

This lemma shows we can truncate the manifold M, so that the boundary tori of the

truncated manifold do not intersect the projection of C'H(T).

Theorem 3.7. Let M be a complete hyperbolic 3-manifold of finite volume. Let S in M
be a closed, immersed, m -injective quasi-Fuchsian surface. Let A be the limit set of m1(S5),
let CH(A) be the conver hull of A, and let p : M —3 M be the universal covering map.
Let Hy,...,Hy be a fived collection of horoball neighborhoods of the cusps chosen to be
disjoint from p(CH(A)). If the p;/qi-surgery curves on OH; have representatives which are
geodesic in the induced Euclidean metric on OH; and have Euclidean length > 27 | then S

will remain m-injective after surgery.

Proof: As in lemma 3.5 we can define a map ¢ : CH(A)/71(S) = M so that this map
is a local isometry. Let X = CH(A)/m1(S). By hypothesis p(C'H(A)) is contained in M.
Hence there is amap ¢~ : X — M~ so that ¢~ is a local isometry. Let r = p1/q1, ..., ps/qk
denote the surgery curves. There is an inclusion map ¢ : M~ — M(r). The 2n-theorem
implies that we can put a metric on M(r) so that ¢, : X — M(r), where ¢, = - ¢, is
also a local isometry. The map ¢, is mi-injective. To see this suppose that v € ker(¢,).
Then because of convexity ~ is freely homotopic to a geodesic in X. So assume that ~
is a geodesic. But then ¢, () is a null homotopic geodesic in M (r). This contradicts the

corollary to Hadamards theorem. Hence ¢, is mi-injective and hence S is a mi-injective
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surface in M (7). n|

In the special case of a totally geodesic surface in a knot or link complement we obtain

an easy corollary. We will include an alternative proof.

Corollary 3.8. Let M be a hyperbolic knot or link complement. Let S in M be a closed,
immersed, m1-injective totally geodesic surface . If the (p/q)-surgery curves lie on boundary
tori disjoint from the surface S and lift to a horosphere where they have Euclidean length

> 27, then S will remain wi-ingective after surgery.

Proof:  The limit set I' is a round circle. Hence the convex hull 1s just the lift of
the totally geodesic surface. Suppose there is a compressing disk D, then dD = « is an
essential curve in S. But « is freely homotopic to a curve a*, where a* is a geodesic in
S. But S 1s totally geodesic, hence a* 1s a geodesic in M ~. By defining the appropriate
metric on the surgered manifold M, = M~ U, (U™, V;) (where V; are solid tori) , a* is
a geodesic in M,. But clearly a® bounds a disk. Hence o* lifts to the universal cover.
This contradicts the corollary to Hadamard’s theorem. Hence S remains m-injective after

surgery on sufficiently large surgery curves. n
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4 Totally Geodesic surfaces

4.1 Arithmetic Manifolds

An interesting class of manifolds are arithmetic manifolds, because some of them can be
shown to contain totally geodesic surfaces which are automatically mi-injective. Back-
ground can be found in [M], [MR], [R] and [V]. We will now give a summary of the most
important ideas. To define what an arithmetic manifold is, we first need to define what an
order in a quaternion algebra is.

K, a subfield of the Complex numbers, is a numberfield if [K : Q] < co. A is a
quaternion algebra over a numberfield K, with basis {1, 4, j,ij}, if A is a 4—dimensional
vectorspace so that i2 = a, j? = b,ij = ji, where a,b € K — {0}.

We say that an element z in the quaternion algebra A is an integerif tr(z) = z4+7 € Z,
and n(z) = #& € Z. Where given that ¥ = x¢ 4+ 17 + 22j + 23ij, and we defined
T =xyg— a1t — ToJ — X3%j.

@ in A is an order if

1. O is a finitely generated subring of A consisting of integers.
2. O contains a K-basis for A.

3. O contains R (the ring of integers of K).

Define O' ={z € O | n(z) =1} .

A Kleinian group is a discrete subgroup of PSL,(C) and a Fuchsian group is a
Kleinian group which stabilizes a circle or straight line C in C and preserves the components
of C\ C. Let T be a finite covolume group. Define p to be an isomorphism of A into
M5(C), and let P be the projection P : GL3(C) — PG Ly(C).

Any T < Pp@' is said to be derived from a quaternion algebra. Any Kleinian group
commensurable with T' < PpO! is called an arithmetic Kleinian group.

H and K, groups in X, are commensurable if [H : H N K] and [K : H N K] are both
finite.

If S is a Fuchsian group stabilizing C, then S is non-elementary if its limit set on C

consists of more than two points.

Example 1. An Arithmetic Fuchsian Group
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—3,2 . . .. . . .. ..
LetA = (W) = {ao + a1t + asy —|—a323|ai € Q,lzz —3,_]2 =215 = —jl}

be a quaternion algebra.

O =7Z][1,i,37,1j] is an order in A.

( O is a finitely generated subring of A, and consists of integers : x4+ & = 2a¢9 € 7Z and
¥ = af — 3a? + 2a3 — 6a3 € Z ; O contains a Q basis, and O contains Ry = 7.)

Now consider A= (ﬁ) A clearly splits over Q(\/=3). Hence we obtain the following

Q
representation

defined by

| S ag+a1vV/=3  2(as + azV/=3)
piag+air+azj+asyy — ( as — asz/—3 ap — a1V —3

If we now restrict the map p to O, we see that

Ppot=1( G %) € PSLa(zLD] ol - 205 = 1)

[0

This group stabilizes the circle |z|?> = 2 in S% and hence is an arithmetic Fuchsian group.
O

General results about Kleinian groups and their Fuchsian subgroups can be found in
[R], [MR] and [M]. The results of interest to us are the conditions under which co-compact

Kleinian arithmetic groups contain co-compact Fuchsian subgroups.

Theorem 4.1. (Reid) Let T' be a co-compact arithmetic Kleinian group. If T contains
a non-elementary Fuchsian subgroup then I' contains infinitely many commensurability
classes (up to conjugacy in PSL2C) of co-compact (necessarily arithmetic) Fuchsian sub-

groups.

Maclachlan and Reid [MR] have shown that the figure-eight knot complement, the
Borromean Rings complement and the Whitehead Link complements contain infinitely
many incommensurable, immersed, closed, totally geodesic surfaces.

To prove some of the results we need, we have to give some definitions and state some

known theorems. The following material comes from the paper written by Maclachlan and
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Reid [MR] and from lecture notes from a class taught by Darren Long [LL] at the University
of California at Santa Barbara.

Let Q4 be the ring of integers in Q(\/—_d), and let T'y denote PSLy(Oy).
Suppose that PSL3(Q4) contains a non-elementary Fuchsian subgroup which stabilizes a
circle or straight line C in C (the sphere at infinity in the upper half space model.) It can
be shown (see [M]) that the circle (line) C has an equation of the form

alz|* + Bz + Bz 4 ¢ =0, where a,¢ € Z and B € Oy

Let B = %(bl +bav/—d) with b; € Z(i = 1,2) and by = by (mod 2) (and = 0 (mod 2) unless
d = —1 (mod 4)). The triple (a, B, ¢) is called primitive if

b
—2,c)zlf0rb1£b2£0 (mod 2)

b
ged(a, 51 5

ged(a, by, ba,c) =1 forby = by =1 (mod 2)

The discriminant of C is defined to be

1
D= Z(b% + db3) — ac
We have the following theorem (see Maclachlan [M])

Theorem 4.2. (Maclachlan) Every mazimal non-elementary Fuchsian subgroup of PSL2(O4)
15 an arithmetic Fuchsian group arising from some quaternion algebra (%). In partic-

ular they have finite covolume.

In otherwords, this means that the quaternion algebra associated to the Fuchsian sub-

group of 'y of discriminant D is isomorphic to (%)

Proposition 4.3. (Maclachlan) Let S be a totally geodesic surface contained in an arith-
metic manifold M whose fundamental group , mi (M), is contained in PSL2(Qq). A lift of
S meets the sphere at infinity in a circle C. The stabilizer of C is :

Stab(C) = {( . Dp

) ) € PSLy(04)] |of? = DIF” = 1)

where D is the discriminant of the circle at infinity.

We need to know if a group I' is co-compact or not. To get an answer to this question we
need to define A(L') = {3 ;. aivi | v € I ai € Q(trD)}, where Q(¢rl') = Q(try[y € T)
is the Trace Field
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Theorem 4.4. Let I' be an arithmetic Kleinian group. Then I' is non-co-compact if and

only if A= A(T®) is isomorphic to M2(Q(v/=d)). (Where T®) = {+*|y € T})

Sketch of proof : If H3 /T is compact, then there is a lowerbound on the distance that T’
moves a point in HP. Hence T' contains no parabolics. But SLQ(R\/__d) does.

Conversely if T' is arithmetic and not co-compact, then I' contains parabolics. Hence I'(®)
contains parabolics. Tt can be shown that this implies that A= M;(K) where K is a field.
It can further be shown that K is a dimension 2 extension over @, so that K = Q(\/—_d) n

Theorem 4.5. Let A be a quaternion algebra over K. Then ny k s isotropic (Jx # 0 €
A, so that n(xz) = 0) if and only if A is isomorphic to M2(K).

Sketch of proof: If A is isomorphic to M2(K) then there are non-invertible matrices hence
na K is isotropic.

Conversely suppose [ is a right ideal in A. Then in particular [ is a vectorsubspace of
A. This implies the descending chain condition on right ideals (every descending chain
terminates). Then by a theorem by Wedderburn we see that A is isomorphic to a matrix
algebra My (A), where A is a division ring and & > 1. The normform n 4, is isotropic,
hence k£ > 2. But A = K by equality of centers, so that & = 2, because A has dimension 4

over 1ts center. n

4.2 Totally Geodesic Surfaces in the Figure-Eight Knot Comple-
ment

Let L be the figure-eight knot and let Mg be S3\N(L).

Then 71 (Mg) =< a, bl aba™'b = ab~*aba™"! >, where we can choose

1 1 1 0
a_<0 1)andb_<w+1 1)

with w® = 1,w # 1 (for a reference see [Ri]). A description of Mg is given in Thurston’s
notes [T]. Mg can be thought of as union of two tetrahedra, glued together according to
the gluing conditions shown in Figure 1.

Hyperbolic upper half space EP can be triangulated by tetrahedra. A totally geodesic
surface in Mg lifts to a plane in H?. Suppose Sp lifts to a plane Pp, where Pp N S2 is
a round circle of radius v/D, centered at the origin. We have a list of possible surfaces to

work with, via the following proposition :
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Figure 1: Triangulation of figure-8-knot complement The tetrahedra are projected down to
a plane)

Theorem 4.6. Let Mg be the figure-cight knot complement and let Pp be a plane in B® so
that Pp NP is a circle of radius /D (D € Z) centered at the origin in the upper half space
model. If D = 2 (mod 3) , then Pp projects down to a closed, immersed totally geodesic

surface Sp in Mg

Proof: D is a square free number. Hence the equation |a|? — D|G|? = 1 has infinitely
many integral solutions. (This is Pell’s Equation.) This implies that Stab(Sp) is non-
elementary. From [M,MR] it then follows that Stab(Sp) is finite covolume. Stab(Sp) is
a maximal subgroup of PSL2(04) and w1 (M) is a subgroup of finite index, hence the
fundamental group of the surface will be of finite index in Stab(Sp). Hence to show that
the surface is compact, it suffices to show that Stab(Sp) is cocompact. By the previous
theorem the quaternion algebra A associated to the Fuchsian subgroup of I's of discriminant

D 1is isomorphic to (_%D). Hence a typical element # from A4 has the following general

form: & = xo+x1i4+9j+x3i), with z; € Q2 = =3, 2 = D and ij = —ji. The norm of z,
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n(x), is given by n(z) = #z. Note that when we consider the equation ## = 0 we actually
can assume that x; € Z (multiply through by the appropriate least common multiple of
the denominators of the x;). It is easy to check that the normform n 4,k is not isotropic :
Suppose n4/x(z) = 23 + 327 — Dad —3Dz3 =0 and « £ 0

D =2 (mod 3) implies that 22 — 223 = 0 (mod 3). Hence 22 = 23 = 0 (mod 3).

This implies that #Z = 922 and 2% = 972 and we obtain obtain the expression 3z3 +
z?—3Dz3 — Dz3 = 0. This now implies that 7 — 223 = 0 (mod 3). By a similar argument
we get 22 + 327 — Dz% — 3Dz2 = 0. Clearly we eventually reach a contradiction. Hence
n4/k is not isotropic and hence by theorem 4.5 the quaternion algebra A is not isomorphic
to a matrix algebra. This implies by theorem 4.4 that Stab(Sp) is a co-compact group. It
also follows from construction that Sp is immersed and totally geodesic (and hence incom-

pressible). 0

4.3 The Surface 5,

Hyperbolic upper half space HP can be triangulated by tetrahedra (see for instance [T]).
A totally geodesic surface in Mg lifts to a plane in H?. Suppose Sp lifts to a plane Pp,
where Pp N S2 is a round circle of euclidean radius VD,D € Z 4, centered at the origin.
One can obtain a tesselation for Pp, by computing how Pp passes through the different
tetrahedra in the triangulation of H®. If Pp separates one vertex from the other three, we
get a triangle. If Pp separates two vertices from the other two, we get a square.

The tesselation of Ps is as given in Figure 2. If we also keep track of the labels on the
sides of the tetrahedra, we can (by trial and error) find the identifications which close up
the surface in Mg. This gives us the fundamental domain for Sy as shown in figure 3.

The 1dentifications are :
20+ 3 —4

- — b=1ab2[q=1 Blp—lq—1
gl—< 9 2w—1)_b ab*la=1,b]b"ta

e (Bt BT
= T ) — e

ga = ( 2w2:)—3 ;151—11 ) =ba"?*b~ta?

g5 = ( 2“_—12—3 2(.04—1 ) =ba=tb"2%[a, b~ ]ba
b (20 B e
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Figure 2: Tesselation of P,
Where a and b are as before and [a, ] = aba=1b71.
x(S2) = —2, the surface is non-orientable (g1, g2, g4 and g5 are orientation reversing maps).
Hence S5 is double covered by a genus 3 surface.
Remark : If g; is an orientation reversing map, then g7 lies in the Stabilizer subgroup.
This means that g; is of the form a _D,ﬁ or [ _Pﬁ

g —a g @

respect to the projection P : SLyC— PSL,C)

) (or its equivalent with

4.4 The Combinatorial Structure of the Lifts of 5,

Consider the surface S;. To find the elements (up to conjugacy) of the first fundamental
group which cause self-intersections, we look at the fundamental domain of S, in H®. This
fundamental domain is made up of 6 squares and 24 triangles, each of which is contained in
one of the tetrahedra which correspond to the fundamental domain of the figure-eight-knot
complement. The fundamental domain of the figure-eight-knot complement is made up
up 2 tetrahedra, 77 and 75. The fundamental domain of S; is then contained in thirty
tetrahedra, fifteen copies of T} and fifteen copies of T5. Hence elements of the fundamental
group which cause self intersections will map one copy of a tetrahedra to another one of
the fifteen copies of the same tetrahedra (we allow for the identity map). This allows us to

construct a list of possible self intersections by checking the maps which send one copy of
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Figure 3: Fundamental domain of Ss

tetrahedron 77 to another copy of the same tetrahedron. We can write Mg = 77 UT5. The
faces of 11 have labels a1, as, as and a4, and we can label the edges as shown in figure 1.
Similarly we label the faces of T5 a}, a}, a5 and a}. The labels assigned to the faces, have to
be preserved by the isomorphism. Hence there is a unique isomorphism in the fundamental
group of the figure-eight knot complement mapping one copy of the tetrahedron 7; to
another copy of the same 7;. Fix the tetrahedron with vertices at 0,w,w 4+ 1 and co.
Construct maps m[i] which map another copy of this tetrahedron back to this one. This

gives us the list of maps as shown in table 1.

Table 1: List of m[i], mapping one copy of T} to another.

1] = {{1,0},{0,1}}
ml2] = ({11},{0.1})

mf3] = ({1, -1}, {0, 1))

] = {{—, 1}, {0~ 1,1}}

m[b] = {{0,w+ 1}, {w, w—|—2}}

ml6] = ({0, + 1}, {w.2))

m[7] = {{1,2},{-~w—1,—2w —1}}
mls] = ({11 {—w — 1.~ }}

ml9] = ({10}, {—w— 1,11}

m[10] = {{1,-1},{— w1 s w2}
m[ll] = {{~w, -1}, {w,w+2}}
m[12] = {{-w,-w+ 1} {-w—-1,—w}}
m[13] = {{w,w — 1}, {w + 2, 2w—|—2}}
m[ld] = {{—-w,w+ 1}, {—w—1,w+2}}
m[15] = {{-w,w+ 1}, {—w —2,2}}
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Lemma 4.7. All self intersections of the surface So can be found by checking

tmlj].

mli]~

Proof: Suppose C' is a double curve of S;. Then in Mg one 2-simplex of the trian-
gulation of Sy intersects another. This implies that there has to be a covering translation
g € m(Ms) so that gPa N Py # ) (where Py is the plane in the universal cover as defined
before which projects down to Sa.) But covering translations can be found by looking at
two representatives of the same tetrahedron and using the labels on the tetrahedra to define
a map. Note that once we know the labels on two copies of the same tetrahedron, we can
pick three vertices and determine to which three uniquely determined vertices they have to
be mapped. This uniquely defines a map in PSL,C.

Any double curve comes from one simplex in the fundamental domain intersecting an-
other simplex in the fundamental domain. Hence there are only finitely many combinations
we need to check. Also note that one copy of T; always has to be mapped to another copy
of T}, because the map has to lie in the fundamental group of the figure-eight-knot comple-
ment. Furthermore any map 77 — ¢71, g € m1(Ms) which causes a self intersection of Sy
induces a map To — g7Ta, g € m1(Msg) which also causes a self intersection. To see this pass
to the universal cover and consider the lift of the double curve, call it C'. Note that there
are two possible ways in which C meets the tesselation of P,. Either P; meets an edge of
the tesselation of P, somewhere, or 1t has to pass from one simplex to another via vertices
only. If the lifted double curve passes through an edge of the tesselation of P, this corre-
sponds to a double curve passing through a face of a tetrahedron, without loss of generality
T1. Hence there is a corresponding double curve in the other tetrahedron 75. The other
possibility is for the double curve to pass through two vertices of the tesselation of P, and
hence through two edges of the tetrahedron. But this double curve is the intersection of
two different lifts of S5, which are both flat planes. This implies that the intersection must
be a geodesic. This in turn implies that the double curve must coincide with an edge of
the tesselation of P,. But this implies that the double curve also corresponds to a double
curve in T5. Hence it suffices to check any possible map from one copy of 7} to another
copy of the same tetrahedron.

The m[i] map a copy of one tetrahedron back to the reference tetrahedron. Hence all
combinations m[i]~tm[j] will give a list of all maps causing double curves (up to multiply-

ing by an element of the stabilizer subgroup). m

Once we have this list of maps which correspond to double curves, we want to eliminate

26



duplication. Suppose g € m1(Ms) is an element which maps one copy of the fundamental
domain of Ss in the universal cover onto another copy, hence causing a double curve in
Sy. Clearly g=! corresponds to the same double curve. It is also clear that ¢’ = gv,
where v € Stab(S2) corresponds to the same double curve. Finally, ¢” = vg,v € Stab(Ss2)
corresponds to the same double curve. To see this, let Py be the lift of S; to the universal
cover and let p : Hi— Mg be the projection map. Consider P, NygPs. v~ 1(PaNygP2) =
v~ 1Py NgPy = C, where p(C) is the double curve. This implies that P, NygPy = vC. But
clearly p(C) = p(yC). We can use this information to reduce the list of 70 maps which
cause double curves, to a list of 14 maps. Now it is easy to check the image of P> under
these maps and deduce the height of they planes they define. By direct computation we
find that the translates which cause self-intersections have radius v/2, \/Li or \/Ti Hence we
can put a maximal horoball at height v/2, which will not intersect any of the translates of

P,. This implies that in Mg, the projection of the horoball at height /2 will be tangent

to, but not intersecting, the surface Sa. This gives us the following lemma.

Lemma 4.8. Let Mg be the figure-eight knot complement. Let p : ]/—\Zg — Mg be the couv-
eringmap from the universal cover ]% down to Ms. Let Sa = p(P3). For all ¢ > 0, the
projection of the the horosphere at height /2 + ¢ will be a boundary torus disjoint from the

surface Ss.

If we let S denote the orientation double cover of Sy, then clearly 5% also lifts to the
plane P» in the universal cover. Furthermore any double curve of S5 double covers a double

curve of Sy. Hence we obtain the following corollary :

Corollary 4.9. Let Mg be the figure-eight knot complement. Let p : ]% — Mg be the
coveringmap from the universal cover ]/—\Zg down to Mg. Let Sy = p(Ps). Let S% denote the
orientation double cover of So. For all € > 0, the projection of the the horosphere at height
V2 + € will be a boundary torus disjoint from the surface Ss.

4.5 Determining the height of the maximal horosphere

When doing surgery, we want to truncate the cusps so that we obtain a compact manifold
with torus boundary components. To determine how far we can lower the horosphere in the
universal cover without meeting the convex hull of our surface we can use combinatorial
methods as described in the previous section, but there is a slightly easier method for

totally geodesic surfaces.
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Recall that the lift to the universal cover, which we called Pp, meets the sphere at
infinity in a round circle centered at the origin of the deck in the upper half-space model.
There is a lemma in Maclachlan and Reid which gives us some general facts about

primitive triples and discriminants :

Lemma 4.10. Let C,C’ be represented by triples (a, B, ¢) and (a’, B, ¢') respectively and let
TC =C" withT € Ty = PSLy(Qy) acting on the triple as a linear fractional transformation.

1. (a, B,c) is primitive if and only if (a’, B',¢') is primitive.
2. If (a, B, ¢) is primitive, then D(C) = D(C')

Proof: Define ¥, = {circles C represented by primitive triples in Q4}. Let C be
represented by the primitive triple (a, B, ¢). Define ®(a, B, ¢) = ( % f )
® defines a bijection from ¥4 to
a

Hd:{ B f | a,c € Z,B€ O4,ac— |B|*> = —-D,(a, B, c) isprimitive}

T € T'y acts on Hy by the following action :

( % f ) — T ( % f ) T*, where T™ is the complex conjugate transpose of T’

Proof of (1) : Suppose (a, B, ¢) is primitive (assume b; = ba = 0 (mod 2), the argument
when by = by = 1 (mod 2) is similar). If T acts on ®(a, B,¢) and ®(a’, B',¢') is not
primitive, then we can write

T( % f )T* = ( g, f,/ ) =p? ( g,/, f,/,/ ) for some prime p.

But we know that 7! g, f,/ ) T = p?T—! g,/, f,/,/ T-1* = ( % f )
This would imply that (a, B, ¢) was not primitive, which is a contradiction. Hence (a’, B, ¢)
must be primitive as well.

Proof of part (2) : This follows from the fact that Det®(a, B, ¢) = Det®(a’, B',¢') = —D.

|

Note that the hemisphere Pp has Euclidean height v/D. Above lemma implies the

following result.

Lemma 4.11. Let Pp be a plane in BB which meets the sphere at infinity in a circle
of radius /D centered at the origin and projects down to a closed surface. Let Tq =
PSLy(0O4).

Then any translate of Pp under an element of I'y is a plane meeting the sphere at infinity

m a cirle with a radius of at most / D.
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Proof: Pp meets the sphere at infinity in a circle C. The triple associated with this
sphere is (1,0, —D). This triple is clearly primitive. Any g € T'y will map this triple to
another primitive triple with discriminant I by the previous lemma. A direct computation
shows that the radius of this new hemisphere is \/% if we assume that o’ is not zero.
This shows that the maximal height occurs when o’ = 1 and the maximal height attained
is V/D.

Now assume that @’ = 0. Then after translation, the circle passes through infinity.
There is a parabolic element which causes the original circle to intersect itself. Apply this
parabolic to the translated circle. Then we must see a lift of a double curve with one end
at infinity. Infinity is a fixed point, hence some power of this parabolic must map the lift of
the double curve to itself. This implies that the fundamental group of the surface contains

a parabolic. But closed surfaces do not contain parabolics. Hence a’ # 0. O

This lemma shows directly that
Lemma 4.12. Let M be the figure-eight knot complement. Let P be the horoball neighbor-
hood of the cusp chosen so that the boundary 0P lifts to the horosphere with fixed point at
infinity and at height \/2 + ¢ (¢ > 0). Then the boundary of P is disjoint from Sy (and its
orientation double cover S ).
5 Application I : the Figure-Eight Knot Complement
5.1 Incompressibility of S, after Surgery
The generators for the boundary torus are given by
(11 F 1 4w
Y=Vo 1/)**= Lo 1

where w® = 1 (see [T], chapter 4). It can be shown that the meridian and the longitude

(11 _ 1 4w+2
u_y_<0 1)and/\_x—|—2y_<0 1 )

Hence the length of the lift of the surgery curve for (p,q)—surgery to the horosphere at
height /2 is given by :

are given by :

1 1
— (P*|ul” + ¢* M%)

V2
We can use the main theorem (theorem 3.7 to show that all but finitely many surgeries

on the figure-eight-knot complement yield manifolds so that S35 is a mi-injective surface.
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Remark Furthermore we can show that there is a metric in which the surface remains
totally geodesic after most surgeries. But this does not allow us to conclude that the
manifold 1s Virtually Haken. We only know this to be true when a totally geodesic surface
is contained in a closed orientable hyperbolic manifold [L]. If we deform the metric to be
hyperbolic, then we do not necesseraly know what happens to the surface. Marden [M]
showed that if the deformation is small enough, i.e. the surgery is large enough, then the
surface will be quasi-Fuchsian. But in this specific case we do not know what would be
considered a ”large” surgery.

Note that due to the high degree of symmetry of the figure-eight knot it follows that
Ms(p/q) = Ms(=p/q)-

Theorem 5.1. The figure-eight knot contains a wi-injective surface, which will remain
m1-injective after all but at most thirteen Dehn Surgeries. (These thirteen surgeries are :
+p/ +¢=1/0, 0/1, 1/1,

2/1, 3/1, 4/1, b/1, 6/1, 7/1, 8/1, 1/2, 3/2 or5/2)

Proof: By lemma 4.11 we have that for all ¢ > 0 the horoball of radius /2 + ¢ which
is disjoint from the surface P,. Hence we can remove this horoball, and using theorem
3.7 we can do surgery resulting in a manifold with negative curvature containing S» as an
mi-injective surface if the surgery curve has length greater that 27. For the figure-8-knot
we need to know when \/51_|_6(102|u|2 + A% > 2n
In B2 = (1,0) and A = (0,2/3). Hence our length requirement becomes :

(P* +12¢°)/(V2+ ) > 4x”

Suppose that ¢ < 11—0 If ¢ = 1, then p? > (V2 + €)%4n% — 12(~ 79) implies that we want
lp| > 8.

If ¢ = 2, then p® > (V2 4 ¢)%4n” — 48(~ 43) implies that we want |p| > 6.

For ¢ > 3, p can be any number.

This shows that all but above mentioned 13 surgeries on the figure-8-knot complement
yield a manifold on which we can define a metric which is the old metric, except for on the
horotorus, where the metric is extended to a metric of negative curvature. With this metric,

Sy is still totally geodesic in the surgered manifold and by theorem 3.7 it is mi-injective.
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5.2 The Exceptional Surgeries

Using the computer program GAP all but one of the exceptional surgeries can be dealt

with. This results in the following theorem :

Theorem 5.2. All surgeries on the figure-eight knot complement, except 1/0 surgery, give

manifolds which contain a surface group.

Mg(8/1) : Contains a subgroup of index 2 (Homology Zag), which contains a subgroup of
index b with homology Z®Zo B Z15.

Mg(7/1) : There is a subgroup of index 7 (homology Z14 @ Z14), with a subgroup of index
7 containing Z@7Z.

Mg(6/1) : There is an index 10 subgroup with homology Z&Zs & Zo @ Zs .

Mg(5/1) : There are 2 subgroups of index 7 (both with homology Z1,) and (at least) one
of them has a subgroup of index 6 containing Z@&ZPG, where G is a finite group.
Mg(1/2) : There is a unique subgroup of index 8 which has homology Zs & Z3 & Z3. This
subgroup has a commutator subgroup with homology @321 Z @& G, where (G is a torsion
group.

Msg(3/2) : Has a unique subgroup of index 3. This subgroup has a subgroup of index 8
with homology Z@GZPZs & Za.

Mg(5/2) : There is a unique subgroup of index 5. This subgroup has a subgroup of index

7, with homology Z&® H , where H 1s some non-trivial group.

If M has finite cover N with Rank Hi(N;Z) > 0, then M is called virtually 7Z-
representable or has virtually positive first Betti number. With irreducibility
this implies that M is virtually Haken. If M is Seifert Fibered, then M is virtually Z-
representable, for it has a finite cover which is a circle bundle over an orientable surface.
Mg(0/1) is Solv manifold and is known to contain a surface group. Mg(1/1), Mg(2/1) and
Mg(3/1) are Small Seifert Fibered spaces, i.e. Seifert Fibered Spaces which fiber over the
2-sphere and have at most 3 exceptional fibers.

Mg(4/1) is a Toroidal manifold.
This shows that the non-hyperbolic surgeries on the figure-eight-knot give virtually Haken
manifolds.

We know that 1/0 surgery gives the 3-sphere and hence does not contain any surface groups.
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6 Application II : the Whitehead Link
6.1 Surgery on Both Components of the Whitehead Link

Using the following diagram we can find the Wirtinger presentation of the Whitehead Link.

x4
x3
x5

X2

Figure 4: The Whitehead Link

The relations we get are : 125 = Ta®1, L5281 = ToTs, T3Ta = L4l5, L3L] = LT3, ToLy =
ZTylo
These relations imply that we may rewrite z9, x3 and x4 in terms of #; and x5. And we
obtain a representation of the first fundamental group of the Whitehead Link (WL), which

looks as follows :
-1 -1 -1 -1
m(WL) = <x1, 5|t 1L52] XsX1Ly XI5 = L5L1X5 X1T5T] x5x1>

Clearly both generators 1 and x5 are meridians of the boundary tori and hence are rep-
resented by parabolic elements when considering a representation in PSLa(C). Hence we

may assume that the two generators are represented by matrices where

(1 p (10
l‘1—<0 1)andx5_<t 1)

The relation as given above implies that p = 1 and t = 1 £ 2.

Choose t = 1 — 2. For one of the boundary tori we can read off that the meridian
must be given by x; and the longitude by xglxlxg,xl_lxg,xlxglxl_l. Note that there is a
homeomorphism which interchanges #; and #5. This implies that for the other boundary
torus we get a meridian given by x5 as expected and the longitude must be given by

xl_lxg,xlxglxlxg,xl_lxgl. By direct computation we see that the peripheral subgroups
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must be given by :

(3 T) (8 =27 andtaneonigasion (10 ).( 050 0 ))

Using results from Maclachlan and Reid [MR], we can show that there is a closed totally
geodesic surface which lifts to a plane, Ps, which traces out a circle of euclidean radius v/3

in the universal cover H?. We need the following lemma from [MR] :

Lemma 6.1. Let C€ X4 = {circles C represented by primitive triples in Oq}. D(C) =
D. Then Stab(C,T1) is non-co-compact if and only if D is not divisible by an odd power of
a prime = 3 (mod 4)

Proof:  Recall that Stab(C,T1) is an arithmetic Fuchsian group, whose associated

quaternion algebra is isomorphic to (%), so that Stab(C,T'1) is non-co-compact if and

only if (_%QED)E M>(Q). But (_%QED) has no finite ramification if and only if D = n?Dy,

where Dy is square free and for all prime p, p|Dp implies p = 2 or p = 1 (mod 4). (A

quaternion algebra A is said to be ramified if when tensored with a field we obtain a divi-

sion algebra, otherwise we say that A is unramified.)

O

We can now show that Ps maps down to a closed surface.

Corollary 6.2. Let WL be the Whitehead link complement and let P be a plane in H® so
that P3N S2. is a circle of radius V'3 centered at the origin in the upper half space model.

Ps maps down to a closed, orientable, w1 -injective, immersed, totally geodesic surface , Ss,

i WL.

Proof: D = 3 implies via the previous lemma that Stab(Cs, T';) is co-compact. Hence
P35 will cover a closed surface in WL, call it S5, and we may assume it is orientable. It is

totally geodesic by construction and hence 7i-injective. m

Lemma 6.3. Let WL be the Whitehead Link. Ss as above. For all € > 0 the horosphere
at height \/3 + ¢ maps down to a boundary torus disjoint from Ss.

Proof: This follows immediately from lemma 4.11. n

This implies the following theorem :
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Theorem 6.4. Let WL be the Whitehead link complement and let W L(ry,r3) be the mani-
fold obtained by performing r; = p;/q; Dehn surgery on the i—th torus boundary component
(i=1,2).

There exists a closed mi-injective surface in W L which remains my-injective for all but at
most 60 surgeries on each link component.

( no £(pi/qi) (i = 1,2) belongs to the following collection of surgery slopes :

{1/0, 0/1, 1/1, 2/1, 3/1, 4/1, 5/1, 6/1, 7/1, 8/1, 9/1, 10/1,

1/2, 3/2, 5/2, 7/2, 9/2, 1/3, 2/3, 4/3, 5/3, 7/3, 8/3,

1/4, 3/4, 5/4, 7/4, 1/5, 2/5, 3/5, 4/5})

Proof: We have two cusps in the Whitehead link complement. The meridian of one
1
0 1

Hence truncating the cusp corresponds to removing a horoball with its fixed point at infin-

of the cusps is represented by the element ! ) which has infinity as its fixed point.
ity in the universal cover. The meridian of the other cusp is given by ( 1 i ; ? ) which
has 1ts fixed point at zero. Truncating this cusp corresponds to removing a horoball with
fixed point at zero in the universal cover. If we think of excising the horoball as taking
a horosphere with the same fixed point and lowering it as much as possible; it is clear
that we have to compute how far we can lower both horospheres without meeting each
other or the lifted surface Ps. It is clear that Ps is determined by |z|? — 3 = 0 which has
(1,0,—3) as its primitive triple and D = 3. By lemma 4.11 we see that for all ¢ > 0 the

horoball at height v/3 4 ¢ will be disjoint from Ps and its translates. If we apply the map
0 -1
1 0
to 3|z|2 — 1 = 0. This new plane still has D = 3, so that any element of the fundamental

, then we switch the roles of zero and infinity and we map the plane |z|>—3 =0

group of the Whitehead link complement will move the surface away from a horosphere at
height /3 + €. This implies that the surgery conditions are the same for both cusps. Note
that the representations of the peripheral groups tell us that we may choose the meridian
to have length 1 and the longitude to have length 2. This gives p? + 4¢7 > 3(27)? as
the condition for surgery. (¢ can be chosen as small as we want, hence this is the surgery

condition to consider.) This gives the excluded surgeries as mentioned in the theorem.

6.2 Twist Knots

If we consider the manifolds obtained by Dehn surgery on just one component of the

Whitehead link and denote the resulting manifold by WL, 4, then a proposition from a

34



paper by Hodgson, Meyerhofl and Weeks [HMW] gives us the following information:

Proposition 6.5. WL(p/q) and WL(p'/q') are homeomorphic if and only if (p/q) =
=(r'/q")

When we perform 1/n surgery on an unknotted components of a link, we obtain a knot or
link complement. To see this note that if one of the link components is unknotted, then this
implies that we can view 1/n surgery on that component as performing n meridinal twists
on the complimentary solid torus followed by trivially filling in the unknotted component.
This shows that we will obtain a knot complement in S2. In our setting, 1/n surgery on one
of the components of the Whitehead link results in a twist knot. Given the correct choice
of generators we obtain a 2n-twist knot after 1/n surgery when n > 0 and a 2n — 1-twist
knot if n < 0. From work in [R] it follows that infinitely many twist knots can’t contain

closed, immersed, totally geodesic surfaces.

Theorem 6.6. (Reid) There exist infinitely many twist knots which contain no closed to-
tally geodesic surface and exactly one commensurability class of non-closed totally geodesic

surface.

The surgery theorem from the previous section immediately implies the following corol-

lary :

Corollary 6.7. All k-twist knots where k > 10 contain a closed, immersed, m -injective

surface.

Proof: As before, there exists a closed, immersed, m-injective totally geodesic surface
in the Whitehead Link complement which lifts to the plane Ps. Using the same methods as
before, we remove a horoball neighborhood of the cusp which lifts to a horoball with fixed
point at infinity and horosphere boundary at height /3. Note that due to the symmetry of
the Whitehead Link we need not take into consideration which component we are filling.
Up to homeomorphism we may assume we are filling the component which corresponds to
the vertex at infinity. Restricting ourselves to (1/n) surgery we obtain as our condition for

surgery :
1+ 4n? > 3(27)*

Hence we need to exclude |n| < 5. But a (1/n) surgery results in 2n extra crossings. Hence

for a k-twist knots we need k& > 10. O
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In figure 5 we see the result of 1/n surgery on one component of the Whitehead link.
It is fairly easy to see that this type of surgery does not change the surgery description on
the remaining component. This also follows from Chapter 9H in Rolfsen [Ro]. This section
analyses what happens when we twist about one unknotted component. Suppose we have
a link given by L = Ly U...U L,, and suppose that one of the link components , say L,
is the unknot. The complement of an open neighborhood of L; is a solid torus. Assume
L1 bounds a disc D, so that the other components pass through in straight segments. We
can construct a homeomorphism of the complement of the link by performing a meridinal
twist on the solid torus. Each straight segment passing through D is then replaced by a
helix twisting through a collared neighborhood of D. The new link L' = Ly UL, U ... U L},
gives the same manifold after surgery if we revise the surgery coefficients in the appropriate
manner.

Let 7; = p;/q; be the surgery coeflicient for the i-th link component. A proof is outlined

in [Ro] which shows that the new surgery coefficients are as follows:

Proposition 6.8. Let r; be the surgery coefficient for the i-th link component. Let t be
the number of right-handed twists about the unknotted component L; (t < 0 for left-handed
twists ). Then the new surgery coefficients are given by :

L= (t+ %)_1 for the unknotted component of the twist.

ri =rj+t(lk(Li, L;))? for the other components.

Sketch of Proof: Let D be the disk bounded by L;, such that the other components
pass through a collar of D in straight line segments. Suppose we perform ¢ right handed
twists about the unknotted component ;. This implies that the straight line segments in
the collar of D are replaced by a twisted helix. Suppose that the surgery coefficient on
L; was given by (p;, ¢;) before performing the twists. The twisting operation will take the
meridian to the meridian, and it will take the longitude to one longitude plus t meridians.
Hence the new surgery coefficient will be (p;,tp; + ¢;) = (1,t + z_:)'

For the other link components we see a slightly different picture. Let L; be a link com-
ponent passing through the disk D bounded by L;. The surgery modification corresponds
to performing a meridinal twist on the solid torus which is the complement of L;. Let tu be
the number of segments of L; passing through D in an upward direction (assign one direc-
tion the label up, and the other direction the label down). Similarly let ¢d be the number
of segments of L; passing through D in the downward direction. Note that every twist

will contribute u upward segments and d downward segments. Assign the under-crossing a
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£1 according to the standard way of assigning a sign given a oriented link. Let A; be the
longitude of L;. We wish to compute the linking number of A with L}, where L and X
are the new link component and its longitude after modification. Every upward piece of
/\"7» contributes u — d, while every downward bit of /\"7» contributes d — u. All other crossings

correspond to crossings present when looking at the crossing of A;. But A; is a preferred

longitude, hence those crossings cancel one another. Thus we see that
Ik(X;, L) = tu(u — d) + td(d — u) = t(u — d)? = t(lk(L;, L;)?).

Note that the twisting action sends the meridian of L; to the meridian, and the longitude to

a longitude plus ¢ times lk(L;, L;)? meridians. This implies that the new surgery coefficient

is given by (9}, ¢j) = (pj + ta;(Ik(Li, L;)?), ¢5) = (pj, ¢5) + t(k(Li, Lj)?) O

Hence if we are doing a 1/n surgery on the unknotted component, then we want to
do —n twists, so that the surgery description on this component becomes 1/0 and we can
just trivially fill in this torus boundary component. In the case of the Whitehead Link
lk(L;, L;) = 0, hence the surgery description on the (altered) second component is not
changed.

This implies that we can apply the arguments from theorem 6.4 out of the previous
section again to show that even though this surface in the twist knots is not totally geodesic,

it will remain 71-injective after all but 60 surgeries.

Corollary 6.9. All k-twist knots where k > 10 contain a closed, immersed, m -injective
surface which remains m -injective after all but at most sixty surgeries.

( £(p/q) #{1/0, 0/1, 1/1, 2/1, 3/1, 4/1, 5/1, 6/1, 7/1, 8/1, 9/1, 10/1,

1/2, 3/2, 5/2, 7/2, 9/2, 1/3, 2/3, 4/3, 5/3, 7/3, 8/3,

1/4, 3/4, 5/4, 7/4, 1/5, 2/5, 3/5, 4/5})

Proof: To see this, think of (p, q) surgery on the twist-knot as surgery on both compo-
nents of the Whitehead Link, where one component has surgery coefficients (p, ¢) and the
other has surgery coefficients (1,n). By the previous theorem the resulting manifolds are

homeomorphic. Hence the result follows immediately from Theorem 6.4. n
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Figure 5: A twist knot

7 Application III : The Borromean Rings
7.1 Surgery on all Components of the Borromean Rings

It is easy to find the Wirtinger presentation of the fundamental group of the Borromean

Rings. Denote the Borromean Rings complement by BR. Then we see that
-1 -1 -1 -1 —1 -1
m1(BR) = <x1, T, X3|X3Toly T1X3X] = T1X3T] Lo, LzLoly T = Tol1ds T3Taks >

Hilden, Lozano and Montesinos [HLM] show that the representation into PSLs(Z[¢]) is

0 1 1+ 1 1 0
Tl g )t 11— )" 7 29 1

It is easy to check that this representation satisfies the relations in the Wirtinger presen-

given by

tation. To find the euclidean length of the meridian and the longitude, we note first that
for the three different boundary tori we can read off the peripheral subgroups. We get
<x1, x51x3x2x51> , <x2, xglxlxgxl_1> , <x3, xf1x2x1x2_1> If we conjugate each meridian-

longitude pair so that the fixed point lies at infinity, then in each case we obtain a repre-

01 0 1
Hence the length of the meridian and longitude will be ﬁ for the meridian and \/lg

sentation where the meridian is given by ( L1 ) and the longitude by ( L =2 )

for the longitude, depending on the height & of the horosphere which covers the boundary
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Figure 6: The Borromean Rings

torus in the truncated manifold we are performing surgery on.

We have the following lemma :

Lemma 7.1. Let BR be the Borromean Rings complement and let P3 be a plane in HP so
that P3N S2. is a circle of radius V'3 centered at the origin in the upper half space model.
The plane Ps in the universal cover maps down to a closed, orientable, totally geodesic

surface in BR.

Proof: Same argument as for the Whitehead Link complement. n

Theorem 7.2. Let BR be the Borromean Rings complement and let BR(r1,72,73) be the
manifold obtained by performing r; = (p;,q;) Dehn surgery on the i — th torus bound-
ary component (i=1,2,3). BR(r1,r2,r3) contains a closed, immersed, m1-injective surface
whenever no (£p;, +q;) (1 =1,2,3) belongs to the following collection of surgery slopes :
{1/0, 0/1, 1/1, 2/1, 3/1, 4/1, 5/1, 6/1, 7/1, 8/1, 9/1, 10/1,

1/2, 3/2, 5/2, 7/2, 9/2, 1/3, 2/3, 4/3, 5/3, 7/3, 8/3,

1/4, 3/4, 5/4, 7/4, 1/5, 2/5, 3/5, 4/5}
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2n-1 crossings

Figure 7: The link obtained by doing 1/n surgery on one of the components of the Bor-
romean Rings.

7.2 Links and Knots obtained by filling one or two components of
the Borromean Rings

If we denote the manifold obtained by not filling in a cusp at all by Mo, o0). Then we
can describe the manifold we obtain by filling in two cusps of the Borromean Rings by
BRp, 41),(p2,42),(c0,00)- Note that due to the symmetry of the Borromean Rings, there is
no ambiguity. Similarly we can let BR(,, 4,) (co,00),(c0,00) denote the manifold obtained by
filling one cusp. If we restrict our attention to (p1,¢1) = (1,n) and (pa2, q2) = (1, m), then
we know the manifold thus obtained does not have torsion and hence is a knot or link

complement. We obtain the following results :
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Corollary 7.3. Let BR be the Borromean Rings complement and let BR(1/n, 00, o0) be
the link complement obtained by performing 1/n Dehn surgery on one of the torus boundary
components. BR(1/n,00,00) contains a closed, immersed, m-injective surface whenever
(1/ £ n) does not belong to the following collection of surgery slopes :

{1/0, 1/1, 1/2, 1/3, 1/4, 1/5}

Furthermore this surface will remain my-injective after Dehn surgery on the remaining
components whenever (£p;,+¢;) (i = 1,2) do not belong to the following collection of
surgery slopes :

{1/0, 0/1, 1/1, 2/1, 3/1, 4/1, 5/1, 6/1, 7/1, 8/1, 9/1, 10/1,

1/2, 3/2, 5/2, 7/2, 9/2, 1/3, 2/3, 4/3, 5/3, 7/3, 8/3,

1/4, 3/4, 5/4, 7/4, 1/5, 2/5, 3/5, 4/5}

Proof: This follows immediately from the fact that the horoball neighborhoods can be
chosen so that the lift if the boundary torus lies at height /3. By lemma 4.11, this horoball
neighborhood will not intersect the closed surface we obtain by projecting down the plane
P5. Hence by theorem 3.7 this closed, immersed, m-injective surface remains 71-injective
after surgery, unless (1,n) belongs to the collection of short surgeries.
lk(L;, L;) = 0. Hence the surgery description on the components we are not filling remain
unchanged. The theorem then easily follows from the fact that the surgery coefficients on
the 2-link are the same as the surgery coefficients on the pre-images of the link components

before performing the (1/n) filling. 0

Corollary 7.4. Let BR be the Borromean Rings complement and let BR(1/n,1/m, oc0) be
the knot complement obtained by performing 1/n and 1/m Dehn surgery on two of the torus
boundary components. BR(1/n,1/m,co0) contains a closed, immersed, w1 -injective surface
whenever (1/ £ n) and (1/ £ m) do not belong to the following collection of surgery slopes
{10, 1/1, 1/,2, 1/3, 1/4, 1/5}

Further more this surface will remain mq -injective after surgery on the remaining component
whenever (£p;, +q;) (i = 1,2) do not belong to the following collection of surgery slopes :
{1/0, 0/1, 1/1, 2/1, 3/1, 4/1, 5/1, 6/1, 7/1, 8/1, 9/1, 10/1,

1/2, 3/2, 5/2, 7/2, 9/2, 1/3, 2/3, 4/3, 5/3, 7/3, 8/3,

1/4, 3/4, 5/4, 7/4, 1/5, 2/5, 3/5, 4/5}

Proof: (k(L;,L;) = 0. The theorem now easily follows from the fact that the surgery

coefficients on the knot is the same as the surgery coefficient on a link component in the
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n full beists

m full berists

Figure 8: The knot obtained by performing (1/n,1/m, co) surgery on BR

pre-images before performing the (1/n) and (1/m) fillings on the remaining two link com-

ponents. 0
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8 Surface Groups in Some Surgered Arithmetic Mani-
folds.

PSLy(Qy4) is called a Bianchi group. We know via the ”Cuspidal Cohomology Prob-
lem” (see [B2]) that for any arithmetic manifold d belongs to a finite set of integers:
de {1,2,3,5,6,7,11,15,19,23,31,39,47,71}. Examples of knots and links for Bianchi
Groups corresponding to d = 1,2,3,7,11,15 and 23 can be found in [H],[MR],[NR] and
[B2]. The method of proof used in section 4.2 to show the existence of closed totally
geodesic surfaces can be extended to manifolds whose fundamental group is contained in
one of the other Bianchi groups. To prove the case d = 2 we need a theorem from [O’M].
But first we need to review some algebra.

Suppose V' is a vectorspace, then we say B is a symmetric bilinear form on V if
B:V xV — Fisamap so that: B(z,y+z) = B(x,y) + B(, z), B(az,y) = aB(z,y) and
B(z,y) = B(y, z).

We define Q(z) = B(z, #) to be a quadratic map.

Example 2. Suppose V is a quaternion algebra, then we can define B(x,y) = %(xgj +
yz). This then implies that Q(x) = %(xi‘ + zx) = & = n(x), where n(z), the norm of x, is

quadratic map.

V is said to have an orthogonal splitting, V =V; L Vo L ... LV, if V=V, Vo
...®V,, where B(V;,v;) = 0.
The notation V Z< ay >1< as L ... 1< a, >, a; € I means that there is a basis

T1,&a,..., &Ly so that Q(x;) =

Example 3. Let V = (%), then we can write
V ={ag+aii+asj+asijla; € Q,i* = o, j? = B and ij = —ji}. Using Q(x) = N(x) gives
Ve<l>l< —a>l< = >1l< af >. It s easy to see that the basis is 1,1,j,1j, and

clearly N(1) = 1, N(i) = i(~i) = —a, N(j) = j(~j) = =, N(ij) = ij(~ij) = i*j* = aff.

Note that < a >1< 3 > represents 1 means that there are z,y € F so that az?+ 3y =
1. And when C is a quaternion algebra, then C? is the quadratic space of pure quaternions.
Where an element z is said to be pure if and only if £ = —x. The theorem we need is the

following :

Theorem 8.1. Let o and 3 be non-zero elements of a field I'. Then the following asser-

tions are equivalent:
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1s algebra isomorphic to (%1)

o
P

1s not a dwision algebra.

0
15 150tropic.

(+#)
()

3. (%2) is isotropic.
(%)

5. 1< B> represents 1.

6. « € Ng/pE, where E = F(\/P).

Sketch of Proof: (see [O’M]) (1 = 2) : Let 1,4, j,ij be the basis for the quaternion
algebra (%) Then (i + j)? = 0, hence (%) is not a division algebra, and thus (%)
is not a division algebra.
2=3):If (O‘Fi) is not a division algebra then there is at least one # # 0 which does not
have an inverse. Then N(z) = 0 ( for if N(z) # 0 then ((N(z) 'z)x = N(z)"'N(z) =
N(z)7*N(z) = 1 and z((N(z)~'z) = 1, so that the inverse of x exists.) But this shows
that (O‘Fi) 1s 1sotropic.

M : It can be shown that if U is a regular ternary subspace of a regular quarternary
space V, and V has discriminant 1, then V' is isotropic if and only if U is isotropic.
M : We are given that < —a >1< —f3 >1< af > is isotropic. Hence < o?8 >1<
af? >1< —a?B? > is isotropic. So that < #>1< a > 1< —1 > is isotropic. This implies
that < > 1< a > represents 1.

(5=6): <a>L< B > represents 1 implies that < o >1< § >1< —1 > is isotropic.
Hence < —a >1< —fF >1< 1 > is isotropic. Hence < 1 >1< —/ > represents
a. So there exist v,d € F such that o = 4% — 862, Then in E = F(y/B) we have
a=(y+6VB)(y—90vVB) = Ng/r(y+9VP) € Ng/pE

(6 =1) : We have v, € I" such that o = Ng/r(y +/F). So a = v? — 362, hence
< —a>l< —f>1<1>isisotropic. Hence < —a >1< —f >1< «f > is isotropic. So
there is an « in (OCFJ)O with # # 0 and N(z) = 0. Hence x is not invertible. So (O‘Fi) can
not be a division algebra. Hence by Wedderburn’s theorem (%) is algebra isomorphic to
M5 (F) and hence to (%) n|

This allows us to prove all the cases of the following theorem :

Theorem 8.2. Suppose M is an arithmetic 3-manifold (hyperbolic) and m (M) is a sub-
group of PSLy(Q4q) ,then the plane of radius VD will project down to a closed, totally
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geodesic surface for the following values :
Ifd=1and D=3 (mod 4).
Ifd=2and D=5 (mod 25).

Ifd=3 and D =2 (mod 3).

Ifd=5 and D=2 (mod 5).

Ifd=6 and D =2 (mod 3).
Ifd=T7Tand D=3 (mod 7) or D=5 (mod 7).
Ifd=11 and D =2 (mod 11).

Ifd =15 and D =2 (mod 3).

Ifd=19 and D =2 (mod 19).

Ifd =23 and D =5 (mod 23).

If d =31 and D =3 (mod 31).

If d =39 and D =2 (mod 3).

If d =47 and D =5 (mod 47).
Ifd="71and D=7 (mod 71).

Proof: d =1 : This follows from lemma 6.1 by Maclachlan and Reid.
d =2 : Dis asquare free number. Hence the equation |a|?— D|3|? = 1 has infinitely many
integral solutions. (This is Pell’s Equation.) This implies that Stab(Sp) is non-elementary.
From [M,MR] it then follows that Stab(Sp) is finite covolume. Stab(Sp) is a maximal
subgroup of PSL3(02) and 71 (M) is a subgroup of finite index, hence the fundamental
group of the surface will be of finite index in Stab(Sp). Hence to show that the surface
is compact, it suffices to show that Stab(Sp) is cocompact. We want to show that when
D =5 (mod 25), then (_Z’D) is a division algebra. By theorem 8.1 this is equivalent

Q
to showing that when D = 5 (mod 25), < —2 >1< D > does not represents 1. This

means we have to show that there are no z,y € Q so that —22? + Dy? = 1. We can
rewrite this condition as : there are no x,y € Z so that —22? + Dy?> =n? . When D =5
(mod 25), we see that we must have that —22% + 5y* = n? (mod 25). But it can be shown
that —22? = 0,42, 48, £12, £18 or 22 (mod 25) and that 522 = 0 or £5 (mod 25). But
n? = 0,41,44,46,49 or £11 (mod 25). Hence —2z? + 5y* = n? (mod 25) implies that
22 y? and n? must all be congruent to 0 modulo 25. But we may assume the original
equation to have been in reduced form. Hence this is a contradiction.

Thus (%) is a division algebra, and hence not a matrix algebra. Let C denote the

circle traced out by Pp at the sphere at infinity. Then the above argument implies via
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theorem 4.4 that Stab(C, PSL2(03)) is cocompact. Hence Pp maps down to a compact
surface.

d =3 : See proof of 4.6.

Similar proofs hold for d = 5,6,7,11,15,19,23,31,39,47,71
|

To compute which surgery curves have sufficiently large length, we need to know the
lenth of the longitude. If we normalize the length of the meridian, we can find a lower

bound on the length of the longitude.

Theorem 8.3. Let M be an arithmetic knot or link complement so that m (M) < PSL3(Oy).
Let X be a longitude. If we have normalized so that the length of the meridian associated
to A is equal to 1, then the length of the longitude L(\) = \/dT? if d = 3 (mod 4) and
L(A) =+v/d+ 1 otherwise.

Proof: We can conjugate the representation of the fundamental group, so that the

é 1 ) The longitude then has to be given by ( L a ) We

meridian is given by 0 1
know that a has to be a complex number, otherwise the meridian and the longitude can’t
generate the peripheral subgroup. Furthermore it has to be an algebraic integer because it
is an element of PSLy(Q4). Hence the length L is given by the magnitude of a.

When d = 3 (mod 4) then a = %(a + by/—d), where a,b € Z. Hence L = %\/m
and the lower bound for L is @.

Otherwise a = (a+bv/—d), where a,b € Z. So that I = Va2 + db? and the lower bound

for L is+/d+1. n

This gives us the following theorem :

Theorem 8.4. Suppose M is an arithmetic 3-manifold (hyperbolic) and m (M) is a sub-
group of PSL2(0yq). Let L be the minimal length of the longitude after normalizing the
mertdian to have length 1. Let D be chosen so that the surface covered by the plane of a
given radius /D is a closed totally geodesic surface. This surface will remain m -injective
if for the p/q surgeries on each component the surgery condition holds as shown in the
table. We also give an upperbound on the number of bad surgeries (where the surface might

compress).
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d | D L surgery condition | # bad surgeries
1| 3] V2| p?+2¢%>302n)° 83
2 | 5| V3 | pP43¢®>5(2m)? 111
312 1 p?+q? > 2(2m)* 77
512 V6 | p?+6¢>>2(2m)> 33
6 | 2| VT | pP4+T7¢%>>2(2m)2 31
T3 V2| PP +2¢2 > 3(2m)? 83
12| V3| p?+3¢°>2(2n)? 45
1] 2] 2 | p?+4¢” > 2(2m)* 39
19102 | V5 | p*+5¢°>2(2nm)? 35
23 [ 5 | V6 | p?46¢% > 5(2m)2 79
31| 3] V8 | p?+8¢° > 3(2n)? 41
39| 2 [ V10 | p? 4+ 10¢° > 2(27)? 25
47 | 5 | V12 | p? +12¢% > 5(27)? 55
L] 7 [ V18 | p? 4+ 18¢% > 7(27)? 63

Tan Agol pointed out to me that (at least for orientable manifolds) 27 can be replaced by
6. This would show that we obtain the following upperbounds for number of bad surgeries
for each link component : 75 (d=1), 101 (d=2), 69 (d=3), 31 (d=5), 29 (d=6),75 (d=7), 39
(d=11), 37 (d=15), 35 (d=19), 75 (d=23), 37 (d=31), 23 (d=39), 51 (d=47), 59 (d=T71).

Theorem 8.5. Let L be an arithmetic link whose fundamental group ts contained wn a
Bianchi group . If L' is a knol or link complement obtained via 1/n; surgery on one or
more unknotted components of L and none of the 1/n; surgeries are bad, then L’ will contain
a closed wi-ingective surface. Furthermore this surface which will remain wi-injective after
all but a finite number of surgeries on each component of L'. The number of bad surgeries

1s determined by the Bianchi group of the original arithmetic link complement.

Proof: If lk(L;,L;) = 0, then the other surgery description remain the same. To
determine the bad surgeries, we would just find the bad surgeries for the component in the
original link.

If lk(Li, Lj) # 0, then the surgery descriptions are modified by r} = r; + t(lk(L;, Li))%

Hence the number of bad surgeries will not change. m
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9 Appendix

9.1 The fundamental domain of the surface S;

One can obtain a tesselation for Pp, by computing how Pp passes through the different

tetrahedra in the triangulation of H®. If Pp separates one vertex from the other three, we

get a triangle. If Pp separates two vertices from the other two, we get a square.

The tesselation of g; is as given in Figure 6.

9
11
8
7
1
14 11
114
113 /
10
1 6
103

Figure 9: Fundamental domain of Ss
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gl1=#4,5,112
g2=#6

g3=#7
g4=#8,9
g5=#10,11
g6=#13,14,114
g7=#16,17
g8=#18,19
g9=#103,98,94,91
g10=#21
g11=#113



g1 1s the isometry glueing sides 4, 5 and 112.
go is the isometry glueing side 6.

gs is the isometry glueing side 7.

g4 1s the isometry glueing sides 8 and 9.

gs is the isometry glueing sides 10 and 11.

ge 1s the isometry glueing sides 13, 14 and 114.
g7 is the isometry glueing sides 16 and 17.

gs is the isometry glueing sides 18 and 19.

go 1s the isometry glueing sides 103, 98, 94 and 91.
g1o 18 the isometry glueing side 21.

g11 1s the 1sometry glueing side 113.

The identifications are :

4w —bw+5 _ =1 11— _
o (HQ ) =l o,

—15w =5\ _ . o1 1
3w+2w 6 )—[b’a 1la, blba®b="alb=", a™"]

( —dw +1 _11?:0—1—_510 ) =[b,a b~ a1~ a" b[a= ", bla[b=", a= Y]

n={ % - 3313 ) = e oY
_ ( 2ww—|—2 5(.02:)—5 ) _ [a,b]a4b_1[a,b][a,b_1]
= (1) 07 ) =B e )

—2w—12 —25w — 25 S =1 =117 — 17—
( 5w 9w+ 10 ):[b,a Hla=t, 6= Yba= bala, b~ [a"?, bla

_ —2w+10 —25w — 25 ) e B
_< —2w — 12 )—“[b ,allb,a™ ]aba™"b[b, a][a, b~"]

43_2 2 20 ) = [b=1, alba=2[b, a=']b="a[b=L, a=]b[a"", b]

—4w — 15 30w + 30 11— 11— -
g10:< 6w Ao — 11 ):[b,a 1][b 1,a]a3b 1a 1[) 1[&,[) 1]

4w —11 30w+ 30 1171, —1p— - -
911:< 6w 4w — 15 ) :[b,a 1][) 1a 1[) 1a3[a 1,b][a,b 1]

Where a and b are as before and [a, ] = aba=1b71.

x(S2) = —4, the surface is non-orientable (g7, gs, g4 and g5 are orientation reversing maps).
Hence S5 is double covered by a genus 5 surface.

Remark : If g; is an orientation reversing map, then g7 lies in the Stabilizer subgroup.

This means that ¢; is of the form % _D,ﬁ ) or ( _Ba _gﬁ

-
respect to the projection P : SLyC— PSL2C)

) (or its equivalent with
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9.2 Double curves of 5,

We found the covering translations which cause self-intersections by the following method.
We pick the tetrahedron with vertices at 0,1,w + 1 and oo and call it 7. This represents
one of the two tetrahedra in the fundamental polygon of the figure-8-knot complement. If
we now look at the fundamental domain of S, we see 15 copies of this tetrahedron. We
construct 15 isometries, called m[i], which map T to any one of the 15 copies (this includes

the identity).

m[1] = {{1,0},{0,1}}

m[2] = {{1,1},{0,1}}

m[3] = {{1,-1},{0,1}}

m[4] = {{-w, 1}, {-w - 1,1}}

m[5] = {{0,w+ 1}, {w,w+2}}

m[6] = {{0,w+ 1}, {w,2}}

m[7] = {{1,2},{-~w—1,-2w — 1}}
m[8] = {{1, 1}, {-w—1,-w}}

m[9] = {{1,0}, {-w—1,1}}

m[10] = {{1, -1}, {—w —1,w + 2}}
m[11] = {{—w, -1}, {w,w + 2}}
m[12] = {{-w,-w+ 1} {-w—-1,—w}}
m[13] = {{w,w — 1}, {w + 2, 2w + 2}}
m[ld] = {{—-w,w+ 1}, {—w—1,w+2}}
m[15] = {{—w,w+ 1},{—w —2,2}}

If we now look at m[i]=t.m[j],1 < i,j < 15, we see that this corresponds to all possible

intersections of the surface Sy with itself. The following program in Mathematica will

~1.m[j] and check that the isometry causes a self-

compute all possible combinations m][i]
intersection.

(* enter a list of the entries in the matrix, All w.r.t the basis {1,i} *)

new(z_] := Module[ {a={z[[7]],z[[8]]}, b=-{z[[3]],2[[4]]}, c={2[[5]].2[[6]]}, d={z[[1]].2[[2]]}},
move = {—((a[[1]]* + a[[2]]?)(x? + y?) + 2(a[[1]]b[[1]] + a[[2]]b[[2]])x+
2(a[[1]]b[[2]] - a[[2]]b[[1]])y + (b[[1]]* + b[[2]]?)
(( [[1]] [[ 112)(x* +y%) + 2(c[[2]]A[[1]] + ¢[[2]]A[[2]])x
d[[1]])y + (d[[1]]* + d[[2]]*))) };
==0,x*+y?-2==0},{x,y}//NJ;

,_||_|
= -
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s =1{x,y}/.p;]

Fork = 1,k < 16,k + +, For[i=k + 1,i < 16,i+ +,
n=Expand[Inverse[m[i]].m[k]];
I=new[{Re[n[[1]][[1]]],Im[n[[1]][[1]]], Re[n[[1]][[2]]]

sIm[n[[1]][[2]]],
Re[n[[2]][[1]]],tm[n{[2]][[1]]], Re[n[[2]][[2]]],tm[n{[2]][[2]]] }];
H{Im[s[[1]][[1]]]==0 && Im[s[[1]][[2]]]==0,
AppendTo[list A ,n];
list A=Union[listA];,];]]
InputForm][list A]

For[k=1,k <71, k+ +,
glk] = {{2 * (Im[list A[[K]][[1]][[1]]]/Sqrt[3]) » v + ((Im[list A[[K]][[1]][[1]]]/Sqrt[3])+
Re[list A[[k]][[1]][[1]]]), 2 * (Im[list A[[K]][[1]}[[2]}]/Sart[3]) * v+

[k]]

((Tm[List A[[k]J[[1]][[2]}]/Sqrt[3]) + Re[list A[[K]][[1]]{[2]]]) },

{2+ (Im[list A[[K]][[2]][[1]]]/Sart[3]) * v + ((Im[list A[[K]][[2]][[1]]]/S qrt[3])+
Rellist A[[k]][[2]][[1]]]), 2 * (Im[list A[[K]}[[2]][[2]]]/Sart[3]) * v+

((Tm[List A[[k]][[2]][[2])]/Sart[3]) + Re[list A[[K]][[2]][[2]]]) } };

Print["g[", k,”] =", g[k]];]

(The output is on the next page)

From these isometries we can compute the radius of the circle at infinity this translate
traces out. We get the following list:
~l+a+2®+Sert8ly+y* =0,(D =2)
—1+22+2°+y*=0,(D=2)

14 2% +2Sqrt3ly +v° = 0,(D = 2)

L4 22 4 22° — 25qrt[3]ly + 2y° =0, (D = 1/2)
L +3z +2° £ Sqrt[3ly + y°> = 0,(D = 2)
144r +22° +2y° =0,(D = 1/2)

2420 + 22 £2Sqrt[3ly +y* = 0,(D = 2)
2—4r+a® 4y =0,(D=2)

5+ 22° — 4Sqrt[3ly + 2y°> = 0, (D = 1/2)
5—x+2°—3Sqrt[3ly +y* =0,(D=2)
542+ 2°+35qrt[3ly +y* =0,(D =2)
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54 4z + 2% 4+ 2Sqrt[3ly +v* = 0,(D = 2)
5+ 51 +a° + Sqrt[3ly + y? =0, (D=2)
5 — 5z 4 2% £ Sqrt[3ly +y* = 0,(D = 2)
54 62 4 227 + 2Sqrt[3ly + 2y* =0, (D = 1/2)

Tz +52° — 7Sqrt[3ly 4+ 5y° =0, (D = 2/25)

7 — 4z 4 22% — 4Sqrt[3ly + 2y* =0, (D = 1/2)

74 4w 4 22% + 4Sqrt[3ly + 2y° =0, (D =1/2)

7 —8r 4 22° + 27 =0,(D =1/2)

74 10z + 552 4 4Sqri[3]ly + 5y° = 0, (D = 2/25)

74 11z + 552 4 3Sqri[3]ly + 5y° = 0,(D = 2/25)

Hence all the translates which cause self-intersections of S5 are hemispheres of Euclidean

diameter /2, 1/\/5 or \/5/5
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gl1] = {{-1, -2}, {0, -1}}
92l ={{0, -1 — v} {-w, 2+ w}}
9Bl ={{0,1 + w} {w,2 + w}}
9[4] = {{0,1 + w}, {w, 2 4+ 2w}}
gl ={1, -2} {1+ w, -1 - 2w}}
gl6] = {{1, -1}, {0, 1}}

] :

]

] :

g[10] = {{1,1},{0,1}}
gl] = {1, 1}, {-1-w,—w}}
gl2l = {1, 1}, {1 +w, 2 +w}}
gl13] = {{1,2},{0,1}}
gld] = {{1,2}, {-1-w, -1 -20}}
gl15] = {{1,3} {-1-w, -2 -3w}}
16] = {{2, -3 —w} {-w,w}}
I={z2,-3-w} {24+w,-2-20}}
1= {2, -1-w} {-w,0}}
1] ={{2,-1 -}, {2+ w,—w}}
9120l = {{2,1 —w}, {-w, —w}}
921 = {2, 1 —w} {2+ w,2}}

22] = {{2, -3+ w} {w, —20}}
9123l = {2, -1+ w} {w, —w}}
24] = {{2,1 4+ v}, {w,0}}
9[25] = {{2,3 + w}, {w,w}}

]

]

]

]

]

]

]

]

]

g9[26] = {{-1 - 2w, -2}, {1 + w,1}}

g[27] = {1 — 2w, -3 — 2w}, {1 + w, 2 + w}}
g[28] = {{—1 - 2w, -1+ 20}, {1l + w, —w}}
g[29] = {{1 + 2w, 2}, {~1 —w, —1}}

9[30] = {{1 +2w,3 + 2w}, {~1 —w,—2 —w}}
gl31] = {{-2 —w, =3 = 2w}, {—w, —w}}

932] = {{-w, -1}, {w, 2 + w}}

g33] = {{~w, -1}, {1 + w,1}}

934 = {{—w, 1} {-w, 2+ w}}

9135 = {{—w,3}, fw, —2 + w}}
9136 = {{—w, ~1 =}, {1 +w,2+ w}}
9137 = {{—w, 1 —w} {1 —w,—w}}
9138] = {{—w, 1 — w}, {—w,2}}

9139] = {{—w, —1 +w}, {1 +w,—w}}
g140] = {{—w,3 + w}, {w, —2}}

gl41] = {{—w, =1 + 20}, {1 +w, —1 — 20}}

g[42] = {{2 —w, -3 — 3w}, {2 + w, —2w}}
9143 = {{w, 1}, {-1 - w,~1}}

gl44] = {{w, 1 - w} {~1 —w,w}}

gl45] = {{w, 1+ @} {~1 —w, —2 — w}}
46] = {{w, -3 — 20}, {-w, 2+ w}}
47) = {{w, 1 — 20}, {—1 — w, | + 2w}}

g
g
gl48] = {{w, 3+ 20}, {w, 2+ w}}
g149] = {{w, 34 30}, {w, 2 + 20}}
9150 = {{w, 34 3w}, {1 +w,2 — w}}
= {240, 1}, {—w,—w}}

gl52] = {2+, 1}, {1+, 1}}

g[53] = {{2 + w, -1 — w}, {—w,0}}

5] = {{2 +w, —1 — w}, {1 + 0, —w}}
55] = {{2 +w, 3+ w}, {—w, —20}}
gl56] = {{2+ w3+ w}, {1+ w, 2 +w})

[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
g[51
[52
[
gl
gl
[
[
[
[
[
[
[
[
[
[
[
[
[

g7l ={{2+w, -3 - 2w}, {—w,w}}

g8 = {{2+w,-3 - 2w}, {1 +w, -1 —2w}}
g9[59] = {{-2w, -3 —w} {w, 2+ w}}

g9[60] = {{-2w,3 + w}, {-2 —w, —2w}}

gl61] = {{—20,3+ W}, {—w, 2+ w}}

g[62] = {{-2w, =3 — 3w}, {w, 2 + 2w}}

g[63] = {{1 — 2w, -3 — 2w}, {2, -1 — 2w}}
gl64] = {{2 + 20,1 + v}, {w,0}}

gl65] = ({2 4+ 20,3+ w}, {-2 - w, —2}}

g166] = {{2 + 2w, -3 — 3w}, {w, —20}}

g67) = {{2 + 2w, =1 — 3w}, {-2 — w, 2 + 2w}}

1=
] =
1=
] =
1=
=
]
]
]
]
]
]
]
]
]
]
1=
]
] =
]
]
]
1=
] =
1=
]
]
]
]
]
]
] =
]
g68] = {{2 4+ 2w, 3 + 3w}, {w,w}}
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g[69] = {{3 + 2w,1 — 2w}, {—2,1+ 2w}}
g[70] ={{-2 - 3w,-3+w} {2+ w, —2w}}
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