Automor phism Groups

[This handout reinforces the fact that the elements of an automorphism group are functions from
the group to itself. It was distributed at a class following the one in which automorphisms and
semidirect produces were defined. The instructor can make a transparency of the output and use
it to trandlate the output into the notation that represents D, as being generated by an element r
of order 4 and an element s of order two, subject to the relation rs=sr™. The complexity of the
output is actually an advantage, since it reflects the complexity of the notion of a group whose
elements are functions on a group.

The handout contains two representations of the automorphism group of D,. The first treatsit as
apermutation of {1, 2, 3, 4}. The second representation require students to be comfortable with
the notion of afinitely generated group.]

Here are two ways that you can use GAP to find Aut(Dg). The first way involves representing Dy
asasubgroup of S,.

gap> d8:=Group((1,2,3,4), (2,4));
Group([ (1,2,3,4), (24)])

gap> Size(d8);
8

gap> Elements(d8);
[0,(24),(1,2)(3,4), (1,2,3,4), (1,3), (1,3)(2,4), (1,4,3,2), (1,4(2,3) ]

gap> aud8:=AutomorphismGroup(d8);
<group of size 8 with 3 generators>

gap> Elements(aud8);

[ IdentityMapping( Group([ (1,2,3,4), (24 ])),

Pegs([ (24), (1,234), (1.3)(24) ]) -> [ (24), (1,43,2), (1,3)(24) ],
[(1,234),(1,3),(24)]->[(1,4,3,2), (1,4)(2,3), (1,2(3,4) ],

Pegs([ (2.4), (1.2,34), (1.3)(24) ]) -> [ (1.2)(3:4), (1.2.3.4), (1.3)(24) ],

[(1,234),(1,3),(24)]->[(1,4.32), (24), (1,3) 1,



[(1,234),(1,3), (24 ]->[(1,23,4), (24), (1,3) 1,

[(1,234),(1,3),(24)1->[(1,234), (1,2(3,4), (1,4(2,3) ],

[(1,234),(1,3),(24)1->[(1432), (1,234, (1,423 1]

In the second way, you regard D, as afinitely generated group with presentation
Dg=<r,9§| r*=1, §=1, rs=sr'>. First rewrite the relation rs=sr™* as s'rsr=1.

gap> f:=FreeGroup(2);
<free group on the generators|[ f1, f2]>

gap> d8:=f/[f.174, f.2r2, f.2"-1*f.1*f.2*f.1] ;
<fp group on the generators|[ f1, f2]>

gap> Size(d8);
8

gap> Elements(d8);
[ <identity ...>, f2, f173*f2, f1, f172*f2, {172, 173, f1*f2]

gap> aud8:=AutomorphismGroup(d8);
<group of size 8 with 3 generators>

gap> Elements(aud8);
[ IdentityMapping( <fp group of size 8 on the generators|[ f1, f2]>),

"2,

[£2,f1] -> [ f1A3*2, f173],

[f1, 2] -> [ f1A3*F24f 176 F2, f173* 2],

M1*f2,
A1,

[f1, 2] -> [ f1A3*F24f176*£2, f173*F2*f176 ],



[ f1,f2] -> [ f173, f173*f2*f176 ] ]
Y ou can use GAP to compute the images of r and s under the inner automorphisms, if you wish:

gap> f.1.2;
fan-1*f1*£2

gap> f.1N(f.1*f.2);
fan-1*f1*£2

gap> f.27\(f.1*1.2);
fan-1*fAn-1*f2*f1*f2

gap> f.2"f.1;
fIN-1*f2*f1



